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Prologue

This course provides an introduction to Relativity (Special and General). This course
covers the historical, experimental basis for relativity and an exposition of the major
concepts and features of relativity. As an instructor I think it important to include
material that involves practical and important applications as well as the material that
brings out the content of the concepts of relativity. The natural applications include
high energy physics, astrophysics, and cosmology. The last two are particularly
relevant for applications of General Relativity.

At Berkeley this course originated in 1973 as a result of Chairman Eugene
Commins discussions with undergraduate physics majors who felt that they had an
inadequate view of Special Relativity in that it was treated piecewise in mechanics, E
& M, quantum mechanics, atomic physics, and the nuclear and high energy. However,
there was no overall all view of Special Relativity. Eugene Commins then asked David
Judd to prepare and give an experimental course for graduating seniors in their last
semester (Spring 1973). It was successful and became a regular course — Physics 139.
The course has been given in the spring ever since.

Spring 1998 is the first time that I have taught the course and added significant
astrophysics material at the request of the students taking the course.

Special Relativity can be taught (or learned) from many perspectives. The
most basic of these is a rigorous investigation of the experimental basis for the physics
of Relativity. A second approach is to start with the postulates of Einstein and derive
the consequences and an understanding of Relativity. A third approach is top down.
It begins with assumptions about space-time being 3 + 1 pseudo-Euclidean space and
formulates physics in terms of a 4-dimensional space-time. This leads to the powerful
and useful concept of 4-D vectors. In this course you will exposed to all three of these
approaches and occasionally some others. These notes are meant to provide much
of the experimental background and some explanation of the approaches. Lectures
focus primarily on the second and especially the third approach as a natural lead into
the geometrical version of General Relativity.

We emphasize the experimental basis because a scientific theory is a living
entity; it grows and changes with time. Physics is a description of Nature. The final



arbiteur of its validity is Nature, that is observations of Nature and not aesthetic
principles or pronouncements from the prominent. Thus no matter how beautiful,
economic, consistent, or other wise pleasing a model or theory construct might be, it
must agree with experimental observations. The second and third approaches assume
principles and postulates and derive a consistent picture. That picture has to agree
with observation and the logical consequences of those observations. Thus the early
lectures and notes emphasize the experimental basis to the later logical deductions
and tools developed and as a balance to the postulates of Special Relativity and the
more extended approach following Minkowski geometry.

1 Introduction

The Special Theory of the Relativity of Motion is confined to relativity of uniform
motion translatory motions of coordinates in free (“No Gravity”) space.

1.1 General Ideas of Space and Time

We usually use concepts arising from spatial and temporal measurements without
considering their philosophical implications, if any.

1. Concept of Time

2. Concept of Space

3. The Space and Time of Newton and Galileo

4. The Space and Time of the Ether Theory

[y

.1.1 Properties of Time

1. Time is a continuum. One can find a time between any two times.
2. Time is one dimensional. A single number defines time uniquely.
3. Time is homogeneous. It has the same properties in the past, present and future.
4. Time is anisotropic. Forward and backward in time are different. This is actually
controversial since the the laws of physics seem to be invariant (to high order) to the
direction of time.
5. Time is single-valued. This is the assumption, not necessarily founded, that a
completely cyclic universe is ruled out. We do not revisit a previous state.

How do we get knowledge?

— time
Past Present Fulure
Memory — Experience —  prediction
Inference premonttion

Irreversibility: Evidenced by second law of thermodynamics. Entropy increases with
time.
Psychology: Memory of past times distinguish them from others to be encountered
later.



1.1.2 Properties of Space

Space is a continuum. One can find a point between any two points. !
Space is three dimensional. Three numbers specifies a point.

Space is homogeneous. It has the same properties in all regions.

Space is isotropic. There is no spatial “arrow”. All directions are equivalent.
Space is single-valued. Point labels are unique.

Space is Euclidean. The differential distance is given by Pythagoras by

SR A

ds* = dz* 4 dy* + dz2* (1)

Most of these are called into question by things that we know.
Uncertainty Principle from Quantum Mechanics

Gravity: Strong in some places, weak in others.
Electric, Magnetic, and Gravitational fields.

SEA

“Curved Space” due to energy density distribution in General Relativity.

1.2 The Space & Time of Galileo & Newton
1.2.1 The First Law of Motion

If no force, bodies remain at rest or have uniform straight-line motion.
Aristotle: The natural state of a body is a state of rest.
But a body in a natural state in reference frame S is also in a natural state in

1Strictly continuum needs a more precise definition. To physicists actually space is a continuous
manifold. The mathematical property is (local) completeness. It is not enough that between any
two points there is another. Mathematically we require that if we have a sequence of points that
gets closer and closer together (a Cauchy sequence), then there is some point to which the sequence
converges; i.e. limits exists.

The property of what it means to be a continuum or not is best borne out by the Intermediate
Value Theorem, which may be stated (in physical terms, in a 1-dimensional system): if an object
is moving along a straight line (possibly changing directions) and is recorded to have been at point
a and subsequently point b, then the object passed through every point in between. Space being a
continuum defines what we mean by “every”. Usually, what this means i1s that the points between
a and b are labelled by the real numbers between 0 and 1, and the object passed through a point
with each such real number label. The distinction that is made in, say, quantum mechanics, 1s
that there may be *no* points between a and b, and furthermore, there may have been *no* times
between when the object was measured at point a and point b. Of course quantum mechanics takes
care of this discreteness by being probabilistic, but the distinction from being a continuum is there,
nonetheless.
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the frame of S’
1.2.2 The Second Law of Motion
- . d*x d*y d*z
F:ma; Fx:mﬁ, Fy:mﬁ, Fzzmw (2)

This is actually a definition of force. This definition of force provides the same force
in reference frames S and S’, because the acceleration is the same in either.

It also provides a definition of inertial mass m. Masses can be compared with
a standard mass — the unit of mass.

There are many methods:
Static:

Pan balance is used and one assumes Fj,qpit, o< m.

Spring balance which assumes Fj, i, o< m and Hooke’s law.

Collide, stick, & stop

. O

mivy = Myvy

Rotation around a point at rest

? .
miv1 = Myvy

Dynamic:

1.2.3 The Third Law of Motion

This law states conservation of momentum in an isolated system. It is equivalent to

— —

FonlduetoZZ_FOHZduetol (3)



That is for every force there is an equal and opposite reaction. This follows by use of
the second law on an infinitesimal mass at the point of contact of 1 and 2. It yields
consistency in reference frames S and S'.

1.2.4 The Final Picture

1. Nothing exists in space with respect to which one can measure an “Absolute
Velocity”.

2. Velocity of light could only depend on the velocity of its source

3. Space and time are independent continua.

1.2.5 Space and Time of the Ether Theory

Electromagnetic disturbances propagate with velocity ¢ in accordance to the wave

equation
0* 0* 0* o2, L 0%
(—+—+7)¢—W—c—zw ®)

A particular solution is a plane wave

¢ = ¢gosin[27v(t —x/c)] (5)

x, Yy, and z are to be measured with respect to the medium (ether, or a solid or liquid)
in which the waves are propagated.

It is inconceivable to have waves without a medium. Consider sound waves,
elastic waves (strings, rods), shock waves, E-M waves. Thus it was necessary for the
theory of electromagnetism (EM) to have the ether for light to propagate through
and provide a consistent set of theory. Maxwell’s Equations do predict light that
propagates with a speed ¢. But the question is what is that speed with respect to?

The Formal Ether Picture

A. Space is filled with an ether with respect to which an “Absolute Velocity” should
or could be measured.

B. The velocity of light is independent of the velocity of its sources; always ¢ with
respect to the ether or vacuum.

C. Space and Time are independent continua.

Implicitly, in the Ether theory turbulence and relative motion of parts of the
Ether are ruled out.

Why was the Ether taken as stationary? That is unaffected by motion of
matter and without relative motions of its parts.

We try to create a picture of how inevitable the ether theory seemed for a very
long time, and to describe some of the crucial experiments that supported it for so
long. Every student should know about the lengthy debate over the nature of light -
particles or waves?

Newton thought “particles”. His prestige as the greatest physicist of all time
was enormous. As we know now, he was not wrong! (Light comes in quanta.)
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Table 1: Kinds of experiments about the Ether:

A. In the Neighborhood of Moving Matter

Bradley 1725
Lodge 1892
B. Inside of Moving Media
Fresnel 1818
Fizeau 1851
Airy 1871
Michelson-Morely 1896
Trouton-Noble 1903

The wave nature of light was finally proved beyond a doubt by Young and
Fresnel by display of interference, diffraction, and polarization.



Bradley’s Discovery of Aberration
Reasoning by analogy of the behavior of a pennant on a sail boat in the wind:

wind

b

R DE— boats

pennants

led Bradley to consider a star’s position variation between June and December.

June December

ct
/ \
T —‘ |

vt vt

0 is defined as the aberration angle and

30 k
v_ m/sec ~ 10™* ~ 20 arcsec (6)

tanf = — =
o ¢ 3 x10° km/sec

Bradley observed it! A motion of a star’s position of about 41” over the course
of a year.

Bradley’s observation could be explained either by a fixed Ether theory or a
corpuscular theory. (But not by a moving ether theory.)

We can derive this carefully in the following manner: Light from the star goes
from the top (A) to the bottom (B) of the telescope in Ether system in a time At.
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B
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It goes from (A) to (C) in the moving telescope system with a speed we can calculate

to be .
" =+ 2ve cosh + v?

by the law of cosines. By the law of sines

sing v

sind ¢
Thus ,
tand = ﬂ
cost + v/c

Galilean transformation of an ether wave:
At = At
T; — vit

Yi
2l = 2z (7)

SN
I

n = (—cosh, —sinf, 0) (8)

Amplitude is proportional « cosW¥ = cosw (t —n-Z/c) in Ether system. W being

constant is a fixed phase and thus a wave front.
In the moving system  Ether system

UV=uw({t—n-2"/") UV=w(—n-7)
We assert that
, r
w :w<1—|——0030)
c
which is the Doppler effect and

d"'=c+ v cosh

To show that this is true, plug into the equations.

U = w (1 + Bcos@) [t — na(z — ) + nyy]
c

¢+ vcosf
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Which checks the first claim. (Writing these equations in reverse order verifies both
claims.)

" = ¢+ vcosfh= component of the ray velocity perpendicular to the wave front
in the moving (telescope) system: The angle between the ray and nis ¢ = 0 — ¢'.

= w

" = deosgp = ccos(0 —0)
= (cosb cosh + ' sinb sind (10)
From the geometry:
dcost)f = ccosh +v  base of right triangle
dsinf’ = csinf  height of right triangle (11)
Doppler Shift:
vV =v (1 + Bcos@) (12)
¢

This is the same as for sound with a fixed source and moving observer. For sound
with a fixed observer and a moving the source, the difference is second order in v/c.
Oliver Lodge (1892) tried to observe the Ether drag by a nearby heaving moving
mass. He used a huge iron sphere of mass 1400 pounds (about 600 kg) in which there
were a deep circumferential slot positioned horizontally. He rotated the sphere about
a vertical axis and split a beam of light and sent them around in opposite directions
through the slot in the sphere via a system of mirrors. He found no difference in the
two beams behavior depending upon the rotation of the heavy mass.

Oliver Lodge was a fellow of the Royal Society and a professor of physics at
the University College of the University of Liverpool. He published the result of
many years of effort as articles in the Philosophical Transaction of the Royal Society
of London, Series A. Volume 184 pp. 727-804 (1893) and Volume 189 pp. 149-166
(1897) “Experiments on the Absence of Mechanical Connection Between Ether and
Matter”. In his experiment Lodge observed the interference between portions of a split
light beam traveling in opposite directions around a closed path in the space between
two rapidly rotating steel disks. The disks were circular saw disks of diameter 3 feet,
rotating in a horizontal plane at up to 3000 r.p.m. The separation was about 1 inch
and the beams made four complete circuits around the rotating mass axis. The result




of years of experiments was a null effect. The speed of light was unaffected by motion
of adjacent matter to the extent of one part in 200 of the speed of the matter.

Lodge then replaced the disc with a heavy (1400 lbs) Swedish-iron oblate
spheroid with a half inch width groove cut one foot deep into the sphere. His
long experimental program had many problems to over come including: overheated
bearings, heated air, miscellaneous vibrations, safety concerns, and the fact that it
took one half hour to slow down.

He obtained speeds up to 100 r.p.m. and also considered that drag might take
hold slowly so he tried for three hours. Lodge also added magnetic and electric fields
perpendicular to the velocity and always found a null effect.

Fresnel (1788-1827)

Fresnel worked upon the theory of the Ether. He indicated that the density of
Ether in a transparent material is proportional to the square of the index of refraction
n.

Vlight in body = E; Phther in body _ ;2 (13)
n PEther in space

When a body moves through the Ether, part of the Ether is carried along —
the part in excess of the vacuum value. The rest of the Ether remains stationary.
The density carried along is equal t0 ppody — poacuum = (P* — 1) poacuum . The part that
does not move is pyacuwm -

Thus the center of gravity of the Ether moves with velocity

(R —1uv+1-0 n*—1 ( 1)
com. er — = =(1—-—— 14
Vem. Eth (1) +1 2 Vp 2 Ub (14)

where v, is the velocity of the body or medium. This velocity is to be added to the
wave velocity ¢/n in the body, so that the light speed in the moving body is

c 1
Vlight in moving medium — g + (1 - ﬁ) Umedium (15)

The quantity x = (1 — 73—2) is named the Fresnel Drag Coeflicient.
Fizeau (1851)

Fizeau measured the speed of light in a moving transparent medium.

If there is a velocity drag proportional to the medium velocity (¢ = ¢/n + kv)
the prediction for the experiment as shown in the figure is:

10



‘ l Combined Light out

= 7 Light source
| .
. mirror
l Liquid Out
For the counterclockwise traverse, ¢ = ¢/n + kv. The total number of

wavelengths in the horizontal path is 2L/X = 2Lf/c =2Lnf/(c 4+ nkv)
In the clockwise traverse, ¢ = ¢/n — kv. The total number of wavelengths in
horizontal path is 2L/X = 2Lf/¢ = 2Lnf/(c — nkv). The difference in wavelengths

of the two paths shows up as the number of interterence fringes:

1 1 4kn*L 4kn*L
Number of fringes = 2Lnf ( — ) ~ O of _ A er (16)

c—nKv ¢+ nkv c c Ac

Fizeau (1851) verified Fresnel’s drag coefficient using water. Michelson and
Morely (1886) repeated the experiment much more accurately using: water, carbon
disulfide, and other transparent liquids most with high n.

Stokes (18xx)

Stokes obtained Fresnel’s drag coefficient by assuming that the Ether was a
compressible but conserved fluid. If the Ether has an apparent velocity v, then for
a transparent material v = (1 — k)v. If the Ether density would be p = po in
vacuum, then p’ = n?pg in a transparent material with index of refraction n. If
the Ether is conserved, then pov = p'v' = n*(1 — k)pov so that n*(1 — k) = 1, and
£ =1—1/n*=(n? —1)/n* which is Fresnel’s value.

Sir George Airy

Sir George Airy, a famous British astronomer, had in 1871 the very clever

idea to repeat Bradley’s aberration measurements using a water-filled telescope.

11



Snell’s Law (ca. 1600) says that

n =

sing

sinw M
Light travels through the water-filled telescope tube with velocity ¢ = ¢/p relative
to the Ether in the water. The velocity of the Ether with respect to the water is kv
where k = (p? — 1)/u? is Fresnel’s drag coefficient. The velocity of the water with

respect to the outside Ether is v the nominal speed of the telescope and the velocity
of the water relative to the inside Ether is (k — 1)v. Distances d and ( are in ratio

d (1—k)v
l c/p

since they take the same Af.

By the law of sines:
d _sm¥  (1—kv

(¢ sinf c/u
Note that it is alright to apply Snell’s law in the telescope frame. Arago showed
in 1810 that, in refraction, light acts as if its source is where it seems to be due to
aberration. Thus

Sz.n\I/ =(1—r)uv/c
sinb’
so that
sin¥ = sing/p (Snell)
giving
stng _ ) 9 /
sind’ mIR Y

12



If there is no water, Kk = 0 and p =1, so

which is Bradley’s aberration observation result.
Experimentally, « is known to be (u*—1)/pu* so that 1 —x = 1/p*, which leads
to the prediction

Just as beforel! Airy’s telescope observed the same aberration with water as without.

This seemed to tie down the Ether Theory very well!

Is it plausible that the Ether Density should be proportional to p?? Viound =
\/E/p = \/Elastic Modulus/Density so p o< 1/v? o (pu/c)*.

The Ether Theory was brought to its highest point by Lorentz (of the “Lorentz
Contraction”). He explained the Fresnel Drag by “Electron Theory”. In a moving
transparent medium, light interacts with electrons which move along with the medium
with velocity v.

Allowing for this but leaving the Ether fixed, you can get £ = (n? — 1)/n? but
otherwise not.

If the Ether were dragged along, you would get ¢ = ¢/u+v. But you actually
get only part of this ¢ = ¢/u + kv, because of the interaction.

Hammer’s experiment (1932) was also consistent with the Ether Theory, as
was Sagnac’s experiment (1915).

1.3 Summary

Postulates a and b together imply that the velocity of light is independent
of the relative velocity of source and observer! There are further postulates from
mechanics, electrodynamics, and thermodynamics needed to give a complete theory
of Special Relativity.

1.4 The Nature of a Deductive System

It is “Universe of Discourse” containing objects, relations between the objects, and
rules for getting more relations from previous ones. The relations are statements that
take the form of definitions, postulates, and theorems; while the rules are the logic one
is allowed to apply for manipulation of these statements. One begins with objects
that are undefinable but have certain given relations between them (axioms). In
practice, the axioms will depend on which scientific theory we are exploring, whereas
the logic we use is independent of which system we are considering.

Desirable properties of a scientific deductive system: 2

ZConsistency and Completeness are technical terms in formal logic. I say “desirable properties”
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Table 2: SUMMARY

Newton & Galileo Ether Theory
No Reference System There is a reference system (ETHER)
for Absolute Velocity for Absolute Velocity
The velocity of light The velocity of light
depends on the is independent of
velocity of its source that of its source
Space and time are independent Space and time are independent

Einstein’s Special Relativity Theory
Postulates: a. No reference system
for absolute velocity
b. velocity of light
independent of source velocity

Result: c. Space and time are inter-related

(a) Internal Coherence: No contradictions can be reached from the axioms
using the given logic.

(b) Completeness: If a true statement can be made, then it can be proved.

(¢) Meaning:  The true statements have their intended real-world
interpretations.

(d) Aesthetic Structure: No superfluous definitions and postulates. i.e. the
smallest possible numbers. Fewest number of indefinables. They should be simple,
clear, and perhaps chosen to connect to past systems.

(e) A sufficient number of indefinables and a sufficient number of definitions
and postulates to produce a structure of theorems.

instead of “test of a good” scientific deductive system because it is a theorem of Kurt Godel ( 1930)
that it 1s impossible to have a meaningful deductive system in which all true statements are provable;
in other words, it is impossible to have a (sufficiently complex formal) system which is both consistent
and complete. (Needless to say, we usually opt for consistency over completeness.) Nevertheless, it
would still be nice if we could prove all true propositions. In any case, it is possible that, in any
given system, all of the true statements which we actually care about are provable.

Another disturbing theorem is that in any sufficiently complex consistent system there are
statements which are neither true nor false, in the sense that either the statement or its converse
could be added as an axiom without making the system inconsistent. There are explicit examples
of such statements in very well-known and common-sense theories which we tend to think model
the real world. Whenever physicists come up with an undecidable statement, there is usually some
concurrence on which (the statement or its converse) “reflects reality”, and a new axiom is added. Or,
there can be lengthy debate as to what “reflects reality”. For instance, the particle/wave postulate
for light was for a long time unresolved, and even now, which axiom is chosen depends on the model
of physics being used (particles are “good enough for some purposes”, as are waves).

14



This is the end of the line for pure mathematics.
(f) Usefulness in Explaining Phenomena: Providing a map of the external

world
Universe of Discourse External World
Subject Matter Cotre-
latigns
Statements

We would like to compare and check postulates with the external world, but
they are usually too general. But deductions from them can be checked!

1.5 Postulates of Special Relativity

I. It is impossible to measure or detect the absolute velocity of a body in free space.
All we can measure is relative velocity of one body with respect to another.

These ideas/principles come from Galileo and Newton.
II. The velocity of light is independent of its source.

This idea comes from the Ether Theory.

Consequences: Light velocity is independent of relative velocity of source
and observer.

15



1 Tests of the First Postulate

1.1 The Michelson-Morely Experiment
Michelson Am J. Sci 22, 20 (1881) Michelson & Morely Am J. Sci 34, 333 (1887)

The Michelson-Morely Experiment was designed to measure the FEarth’s
velocity, vg, through the fixed Ether due to its orbit around the Sun. To do this
Michelson conceived and developed the Michelson interferometer.

mirror

{

mirror

Light ¢
—— re
Source ﬁ v through Ether

Fringes observed by eye

The two path lengths (labeled () are made equal for simplicity and ease of
getting a white light fringe.

Ctl

2 cly

vty

2

The travel time t; for travel perpendicular to v is

(%) (5 e &
o2t (18)

2 — 2

The time ¢ for travel parallel to v is

t, = =
2 c—v+c+v c?

V4 V4 2¢l
— ‘ (19)

— 2
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So the difference in travel times is

c c? — p?
tg—tl = QK[CQ—UQ_ cz—v2‘|
20 +v2
= c—c+ — —
c? —p? 2¢
(v?
_ EC_Q—I_ (20)

Now rotate the apparatus through 90° and repeat the measurement. The total
time difference is

20 v?
At =2ty — 1) = —— 21
(1) =28 (21)
and the fringe shift expected is
2
F:At:cAt_%v (22)

TN e
For the Earth in its orbit around the Sun (vg/c)* ~ 107® and for visible light
A~ 5 x 1075 c¢m so that the expected fringe shift is

107#

Fea2l X —————
5 x 10~-%cm

=4 x107"/1 cm

Sophisticated methods allow detection of 1/300th to 1/1500th of a fringe, but
detection of 1/100th of a fringe is straightforward. To detect this one needs ¢ > 25 cm.
Michelson and Morely’s interferometer had ¢ = 11 m and used light at 589 nm
(589 x 107 m) so that they should have seen about one sixth of a fringe shift.

No shift was ever found !!

This work was repeated many times by different workers. Miller obtained
¢ = 65 m by multiple reflections. The most accurate (in the 1920’s) experiments were
by Kennedy (Proc. Nat. Acad 12, 621 (1926)) and Illingsworth (Physics Rev. 30,
692 (1927)).

Consider some of the precautions and sophistications of the best (1920’s)
experiments (Kennedy and Illingsworth):

For example they introduced a A/2 step in the middle of one of the
interferometer mirrors.

17



mirror

{
mirror
Light ¢
_————% L
Source ‘ v through Ether
—
A/2 step in the mirror

Fringes observed by eye

insert picture here showing two offset sine waves and the fringe
patterns varying from top half dark and bottom bright, both medium
and equal, and top bright and bottom dark.

The path length of the experiment was four meters lading to a fringe shift of
A/20 and the could detect between 1/300th and one 1/1500th of a fringe.

The instrument was calibrated by adding small weights to one arm to find
that 7500 grams gave one fringe so 5 to 25 grams (1/1500th to 1/300th fringe) was
detectable.

The instrument was kept to very accurate constant temperature (~ 0.001° C?

They tried using polarized light which cuts down on stray light and makes it
easier to adjust the intensity.

They kept the apparatus in a helium-filled enclosure so that there would be a
smaller effect from the gas

NHge — 1 1
naw —1 10

The results? Ilingsworth found v < 10 km/s. Kennedy found v < 2.5 km/s.
More modern results have for the best optical v < 1.5 km/s Charles Townes (Physical
Review Letters 1, 342 1958) using maser oscillators found v < 1/30 km/s which
is equivalent to vEiher /VEaren < 1072 which corresponded to less than 1/50th Hz
variation relative to 23,870 MHz.

1.1.1 Auxiliary Experiment of Hamar

Hamar (Physics Review 48, 462; 1935) did a check to first order in v/c. This tests
the ability of matter to obstruct the flow of Ether.

18



Large Lead block
pa N

UEther

Light

Y
A

L\"

Source

Large Lead block
to oistruct Ether flow

Y

view fringes

Hamar could detect less than 1/10th fringe and saw no effect which corresponds
to less than 1 km/s.

1.2 The Trouton-Noble Experiment

The Trouton-Noble experiment was performed in Great Britain soon (1903) after the
Michelson and Morely experiment.

Fmag

e
/

7

yd > U

- f

Fmag

To understand the concept of the experiment, consider two opposite charges
held apart by a rod moving at an angle through space. In moving through the ether
charge generates a magnetic field (by the Biot-Savart law) and thus each charge
experiences a magnetic force Fiagnetic = £qU X B. The forces point in different
directions and produce a torque on the rod

2,,2 2

T = Ho 80 sinfcost = gv—SineCOSG
47 2 dre, 2 ¢

2

If the rod is tilted and moving relative to the Ether frame, then there will be
a torque on it. Since the Earth is rotating and orbiting, the rod must sometimes be
moving relative to the Ether and so it must have a time varying torque if the Ether
exists.
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To do this experiment Trouton & Noble used a charged capacitor rather than a
rod. The essence is that Trouton & Noble suspended a charged capacitor that would
be free to rotate

Assuming motion in the direction shown, the magnetic forces make a counter-
clockwise torque on the capacitor.

—

F

++\

_|_

AN
_I_

@ B into page

v assumed velocity

+\_'_
>

N

This is a direct test of the first postulate. No effect was found.

1.3 The Kennedy-Thorndike Experiment

The Kennedy-Thorndike experiment results are reported in Phys Rev. 42,400, (1932).

Thesis: There is a real Ether. There is real motion through it due to the
Earth’s motion around the Sun. The Michelson-Morely experiment is correct — there
is a null effect because there is a real Lorentz-Fitzgerald contraction, just exactly
sufficient.

Consequence of Hypothesis: The light travel times for both double
traverses of the Michelson-Morely interferometer light paths.

Homework Exercise: Show that the two paths (perpendicular and parallel to
direction of motion) are the same with Lorentz-Fitzgerald contraction. ...

The identity of the form for the two paths shows that the postulated Lorentz
contraction will give a null result in the Michelson-Morely experiment.
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1.3.1 The Kennedy-Thorndike Apparatus:

(Kennedy was the professor and Thorndike was a graduate student at CalTech.)

mirror
I
mirror
Light | A2
——
Source L‘
/H v through Ether

Fringes observed by eye
They did not use a 90° angle but that is not important for this discussion.

Al AK[ 1 v? ]

c/l—v2/c2_ c 2c2

Aé[ 1 v” ]

At =

Now change ¢ to ¥'.

At’:T I+ -—+---

2 c?

The fringe shift

T 2 cr c?

AV — At LA (v —0?
s (2
where 7 is the period of the light (inverse of frequency).
The apparatus on the Earth has a 12 hour reversal of the Earth’s rotational
velocity which is added in vector form to the Earth’s velocity vgaround the Sun and
thus Sun’s velocity through the Ether. Thus the 12 hour modulation is

ot = [vg +vs + v@]2 — [vg +vs — v@]2 ~ 4(vg + vg)vg = 4v1vg

_ 2Alvyvg
12 hr =TT
_ 2Alvgvg
Jome =572

The experimental results are summarized as:

Daily (1930-1931): vs = 24 £ 19 km/s based upon 2500 exposures.
Annual (1931): vg = —15+4 km/s in opposite direction! Based upon 300 exposures.
Weighted Result: vg =10+ 10 km/s — A NULL EFFECT.
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Meaning of this Result: If one keeps the intial hypothesis, one must assume a time
contraction.

Experimental Techniques: Quartz base plate, quartz posts to hold mirrors, since
quartz i1s thermally stable and mechanically stable. The temperature control was
1073 °C, since 1°C gives 1/100th of a fringe. An arc light source was not sufficiently
stable. They used A = 5461 A mercury spectral line from an electrodeless discharge.
They took automatic photographs of fringe pattern every 30 minutes. They used A/{
of 31.8 em which was limited by the coherence of light.

What is the energy variation AFE of photons whose coherence length is A7

ApAl ~h ~ AEAl/c

he
AE ~ —
Al

E =hv=he/A

AE B A A\2r
EThAlT AC
A~ 5460 x 107 cm, Al =31.8 cm
AE 5460
E 7 6367

Probable fringe comparator error about 1/100th fringe.
The same apparatus can be used to measure frequency shifts in light sources
when they are placed in an £ field. Thorndike did this experiment and found:

x 1078 ~ 2.7 x 1077

A
=L (1.1 £ 0.8) x 107 per volt/cm
v
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2 Tests of the Second Postulate

2.1 Emission Theory as an Explanation The Michelson-
Morely Experiment

Emission theory: The velocity is ¢ with respect to its source. In the Michelson-Morely
experiment all, including the source, are in the same coordinate frame together, so
of cause a null fringe shift is expected. There are some difficulties with an emission
theory, in general interference and diffraction.

2.2 Different Forms of Emission Theory

Different forms of emission theory vary regarding velocity of light after reflection from
a mirror.

1. New Source Theory (Tolman 1910) Light has velocity ¢ with respect to mirror
after reflection.

2. Ballistic Theory (J.J. Thomson 1910) Elastic collision of photon with mirror.

3. Persistence Theory (Ritz 1908) & = Uspuree + € = velocity of light in one frame. In
Ritz’s theory @ = Ugouree + € is always the same with respect to the original source of
the light.

Summary of Emission Theories Predictions:

Velocity with respect to mirror:

Source .
mirror
Light from source reflected light D
o > < at rest
c+ v
’ —c New Source
_I_v . .
—(c + v) Ballistic
v+ (—¢) = —(¢ — v) Persistence
Velocity with respect to source:
Source .
mirror
° Light from source reflected light D
) v
at rest ¢

New Source (¢+ v)
Ballastic (¢ + 2v)

Persistent ¢
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Velocity with respect to mirror image of source:

mirror

Source Image
o | .
at rest —_—
v 2v

In ballistic theory, velocity of light is ¢ with respect to source before reflection
and ¢ with respect to source after reflection.

2.2.1 Optical Experiments Testing Emission Theories

The Ritz (persistence) theory is much harder to disprove than the others. It takes an
experiment to second order in v/c to distinguish it from the Ether Theory.
1. Interference of Light (Tolman 1910)

SOUI’CG mirror

Interference
fringes
o
H ~ 10 cm

2. In the New Source Theory, if the velocity of the source is changed, we expect to
observe a fringe shift.
Use light from the two limbs of the Sun:

v=1.5km/s
v=1.5km/s
New Source 2 fringes
The fringe shift expected is: { Ballistic 0

Rtz 0

So as a result the New Source Theory is ruled out.
3. Doppler Effect Measurement (Tolman 1910)

Reflected light perpendicular to the axis of a reflection grating.

The emission theory gives a change in frequency but not wavelength, when the
source velocity changes.
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New Source no she ft

Expected Result: { Ballistic — wrong direction
Rtz reght direction

4. Velocity of light from a moving mirror (Michelson 1913):
Michelson 1913

curved mirror

Rotating arm with ' /
two mirrors ~—

fringes

D >5m

@ Light Source

One beam travels the circuit in one direction, while the other travels in the

opposite direction. for stationary mirrors the travel times are equal: ¢; = 5.
For moving mirrors the calculations are a bit more complicated. d is the

distance that the mirror moves while the light goes a distance 2D

dzng; d<<< D
&

New Source Theory Ballistic T'heory Ritz Theory
(Ether Theory)
b Gt ot 2D u AD+d)
ty L 4D 202 2D =)
tl_tz D(ﬁ%_ﬁ)—l_% 2D(c+12v_c_121])_|_% t_d:%%
<k i
Fringes % 0 %%

The experimental results are:
Observed = 3.81 fringes

Calculated from Ritz = 3.76 fringes.
This result throws out all emission theories except Ritz Persistence theory.

5. Experiments with Light from Moving Mirrors
6. Experiments with Light from Moving Sources

25



d
Source or U l
° 7 |
— ~d — (/2
v
Fringes

The source or the mirror is stationary.
The time lag for interfering rays is At = /2 for all theories, if both source and
mirror are stationary.

Velocity of light before reflection from the most distant mirror
Moving Mirror Moving Source

New Source c+v c+o
Ballistic c+ v (for 45°) c+v
Ritz c c+v

New Source Theory:

(2 02 uAl
4+ — —
c+ v C c+ v

because it does not have to leave so soon.

At =

At'[l— v ]_ﬁc—l—c—l—v {c—l—v/Z

c+ v _§c(c—|—v):2 c+ v
A ¢ _ U1 +v/(2c))
c+ v c+ v

/_
Fg = 2 Atzﬁ[pri_l] _twv Lt
T cT 2¢ cTt2¢ 2\ c¢
Ballistic Theory:
!
AY — (/2 (/2 vAt

c+ v c+ v c+ v

At’(l— v): Coare 0
c+ v c+ v c+ v c+ v

Thus At = (/e = At; so that the frame shift is zero.
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Ritz Theory:

In this case we must distinguish between moving source and moving mirror.

Moving Mirror Moving Source
At’zﬁ—l-”m/ Atlzﬁ/_z_l_ﬁ/_z_l_mt'
¢ ¢ ctv c—v ctv
vy _ £ v _ ¢ c
At (1-2) =t A (1- ) _55023U2)
— ! _cC _ C
= At ctv — (ctv)(c—v)
N O R R
S A=At _Lv Lty pg _ A=A Lw Ly
St - Rt T T ete T Ae

The results are_tﬁeT csamAe!C
For a moving mirror: v = 80 m/s, { = 23.2 em, A = 5640 A, F.S.cq. =
0.113 fringes, F.5.55. = 0.199 fringe. Similar results were found for moving source.

2.2.2 Michelson-Morely Experiment Using Light from the Sun
Tolman — Phys. Rev. 35, 136 (1912) — pointed out that a Michelson-Morely

experiment using light from the Sun would be a decisive test. This was also pointed
out by LaRosa — Phys. Zeitschrift, 18, 1129 (1912).

In the Ritz Theory, light from the Sun behaves as if the Ether were fixed in the
Sun. The Earth’s velocity through the Ether would be 30 km/second as the Earth
orbits the Sun.

mirror

mirror

Sun /

No Fringes Observed

2.2.3 Astronomical Evidence

Comstock (1910) and DeSitter(1913) pointed out that the light observed from binary
(double) stars provided a test. Consider two stars in orbit about each other.
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21
. - Observer
— >

c+ v
Binary ?_
o Light

Stars /\
—@

la

Y

The upper portion of the orbit seems to be traversed more quickly than the
lower half in the Ritz Theory. The actual half period is t; — t; = At. The observed

half period is
14 14
At = (t1 + ) — (t2—|— )
c— c+ v

2
L
|

(23)

It turns out that 20v/c* is often greater than At for binary stars. So such a
term (20v/c?) would lead to very odd effects; e.g. seeing the start two or three times
at once, or not at all other times. Circular orbits would appear elliptical, etc.

Binary stars are not easy to observe. Many stars are “spectroscopic binaries”.

DeSitter (1913) studied the data on all know binaries and selected some of low
apparent eccentricity (probably nearly circular orbits). His conclusion: ¢ - on the
emission theory = ¢ + kv with £ < 0.002. While £ = 1 is predicted by the emission
theory.

2.2.4 Final “Box Score”

This summary due to Tolman (1946).
Experiments:
1. Michelson-Morely
2. Trouton-Noble
3. Kennedy-Thorndike
Postulate:
4. Interference (lines of the Sun)
5. Doppler Effect
6. Velocity of light from Moving Mirror
7. Velocity of light from Moving Source
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8. Michelson-Morely experiment with light from the Sun
9. Double stars

Experimental Test “Box Score”

Theories to Test: Experiments

Agree Disagree
Stationary Ether 4,5,6,7,9 1,2,3,8
Emission Theory - New Source 1,2,3 4,5,6,7,8,9
Emission Theory - Ballistic 1,2,3,4,8 5,6,7,9
Emission Theory - Persistence (Ritz) 1,2,3,4,5,6,7 8,9
Special Relativity - Einstein all none
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2.3 Transformation of v or Dilation Factor

Simple transformation of /1 — u?/c¢? or 4. Using the transformation laws for velocity
we can derive the transformation law for v or /1 — u?/c? by simple algebra. First

calculate the transformation for 1/1 — u2/¢?

(u, + v)*
¢ (14 ulv/c2)?
L+ 2u0/c + 5% — 5 — 20/ — &
(¥ o) cf
(14 ufv/e?)?

_ (1 _ “—g) —(1 ) (24)

) (1+ulv/c?)?

|§
[NVE RSN )

1 —

Now we are ready to do the complete expression

2 2 1 — v

R (-8 (25)
2 ) (1+uv/c?)?

The square root of this equation gives the transformation law

2 21—
N I (26)
c? (14 uv/c?)

3 Properties of  Spatial and Temporal
Measurements

In this chapter we explore the properties of spatial and temporal measurements that
result from the two postulates of special relativity.
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3.1 Comparison of Meter Sticks and Clocks in Relative
Motion

3.1.1 Meter Sticks | Motion

O(5) 0'(9)
By the first postulate the lengths ¢ = {’, since, if one were shorter , it might

be absolutely at rest and the other moving with respect to it, or at least they would
be distinguishable.

3.1.2 Clock Rates

Consider a clock made by counting reflections between two parallel mirrors moving
perpendicularly.

cAt/2

)
—_— v
| @

bA120(S) 0'(S)

For frame O:

20
At =
c? —p?
20 1
= —— (27)
€1 —=(v/e)?
For frame O’: or o
At = — =— (28)
c c



So one has Ap
Al = —— (29)

I —(v/e)?

This is called Time Dilation. The time for frame O is greater than the time for O’,
so that an observer in frame O claims that frame O”’s clocks are running more slowly.
This is termed Time dilation of a moving clock.
Comments:

(1) In Ether theory

20

ey/1 — (v/e)?

Since both observers would agree on the actual path length through the FEther.
Same for Ether Theory with Lorentz contraction since there is no contraction

perpendicular to v.

(2) Emission Theory gives

At = At =

At = Al = 2t
c
(3) What does O’ say about the clocks in frame S?

O’ says clocks in S run slow. This is necessary but the first postulate; Do the
experiment the other way and remember that the systems cannot be distinguishable.
(4) Is all this consistent?

Observer O uses two clocks, O’ uses one! O’ blames O’s “wrong result” on
O’s clocks not being properly synchronized. (The second clock is set later.) Thus
the systems are not symmetrical and identical. O" agrees with O as to all the clock
readings but explains this differently.

(5) Can the rate of a moving clock be tested experimentally?

Yes. The earliest good work was by Ives and Stilwell using “canal rays”. (1928)

Doppler effect makes the result unless the observation is made perpendicular
to U or one uses the average of parallel and anti-parallel light. The latter approach is
better. They used Dempster’s velocity selector.

LA (1) 50

2
1= (3
The upper term represents the Doppler effect and the lower the time dilation.

Other early measurements include: Nereson and Rossi published in Physical
Review 64, 199 (1943) and the direct test with mesons by Neher and Stever published
in Physical Review 58, 756 (1940).

The height was chosen so that matter traversed was the same difference in rate
so decay of cosmic ray mesons in 12,000 feet.

(6) The nature of clocks: Clocks may be mechanical, electrical, chemical, radioactive,
biological, atomic, nuclear, etc.: All clocks obey the same law of time dilation.

32



(7) How can one compare clocks in two different systems?

Example, put one clock on a rotating wheel with velocity v and compare after

each revolution. The moving clock runs slow by the v = 1/4/1 — v?/¢? factor

3.1.3 Maeter Sticks || Motion

7 € .
£ Mirror
S/
v Y
S
d b e [ backata
leaves a’ <
arrives at e

a

—/

S’ sends light signal to mirror and back, with time At in distance 2¢

At" = 20' /¢ by second postulate.
By time dilation which is just established

At 20

M e ofi-we

(31)

But from the second postulate directly

At:ae—l—eal
c
ae=(+be=(+aes
c
v
ae(l — =) =1¢
ae( c)
. 14
P
=

ae” — [ae + de|e = { — de:
C C

de =+ be —de = + ae
c
— v

de(l+ ) =14
)
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But

Ar- 2
c\/l—v2/027
(=101 —02/c? (32)

give the Lorentz-Fitzgerald contraction.

so the equation

3.1.4 Setting of Clocks

O

v C Cr

—

C

S notes the clock reading on C and on C] when C] passes C and the readings
on C and C}, when C), passes C. By the first postulate, O and O’ agree on |v|.

4
th—1, = —, tyg—1y = —
v v

with the same v.
But ¢ = 'y/1 — v%/c? (just established) and

o+ A, — 1

tg —tl —
1 —v?/c?

where the time At was just established previously in which At} is the correction
made by O to the setting by O’ of clock C} in order to get clock synchronization in
frame S'. (At} turns out to be negative; O finds ¢}, to be ahead, and must subtract

|At| from its reading.)
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th+At, =t
270 T 22
1 —v2/c2 v vife

t — t/ At/ v
\/ 2/ \/1 v/ — v L—vi/e
/

/v At

\/1—1)2/02 1—1)2/02

Solving for At} yields

s = S (V=) -] - -5

v C

O says clock (Y is set ahead by £'v/c* in the time units used by O'.
The clock behind in space is ahead in time.
Now by the Second Postulate A new experiment:

gl
v ¢4 Cn
; )

C
S’ sends a beam of light from 1 to 2 and times how long it takes.
th—t=1]c
What does O calculate?
th 4+ oth, — 1]

remembering that time dilation is previously established. There is a new 6t} for this
experiment, the correction calculated by O for Cj.

¢ U\/1 —v?/c?
ty — 1 = - /

making use of the established Lorentz contraction.

tz—tlz
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«—— photon

O~ ——0O

S
ct+ovt =1
o
t_c—l—v
ty+ Ayt UL —o?/e
1—1)2/02 c+ v
2
0 (4/1 —v%/c?
s = TV
c+ v
2
K’(\/l—lﬂ/c?) Vi
- c+ v _Z
_ L=/ 1 :g,c—vz/cz—c—v
c+ v c c(ec+v)
B K’v(l—l—v/c)_ v
N 02(1+v/c)_ c?

Which is exactly the same as deduced from the First Postulate. O says “Clock behind
in space is ahead in time.”

3.1.5 Operational Explanation of Perceived Synchronization Defect

1) O’ synchronizes two identical clocks at the same place.

2) He carries one slowly to the rear; or both slowly away from each other and
they stay synchronized as he sees it.

3) O says that the rear clock moves ahead in time because it runs faster while
being moved back to its final position.

Rate of front clock = r] and rate of rear clock = r}, as seen by O.

r= rom
vy = roy/1 — (v — Av)2/e?
Ar' e~ { [1 —(v— (51))2/(20)] — [1 — 02/(202)]}
=r, [1 — 1)2/02 + UAU/02 -1+ 02/02]
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vAv

r_
Ar'=r, =
Distance moved is #/ = AV At where At is the time to move the clock.
ol!
Ar' =r, ——
AV

Ar’' At is he synchronization “error” which is 6t = ¢/ f/c*. The rear clock is ahead in

time.

CONCLUSION One must abandon the notion of simultaneity of time for
observers in relative motion.

4 The Lorentz Transformation

The Lorentz transformations are demanded and supported by experimental
observations. The Lorentz transformation equations can readily be derived from
length contraction and time dilation after taking a short detour to discuss clock
synchronization.

Consider two frames of reference: S, the laboratory frame and S’ a frame of
reference moving with velocity ¥ in the & direction as shown in the following figure.

/

y y
X x (t, x, v, 2)
® cvent (1 x0 7)
o— . S
/ S Sy
¥ // — v

Arrange things so that at ¢ = 0 and ¢' = 0 that the two origins O and O’
coincide.

Consider each reference system to a an actual lattice of meter sticks and clocks,
e.g. each reference system is filled with these space and time measuring devices at
every point.

Get clocks in S to agree. Identical clocks set by sending out a light pulse from
origin O and also from the midpoint between any two clocks. Check times, reflect
back to midpoint, if pulses arrive together, then clocks agree.

System S’ dos the same with his clocks.

We have for the space-time event in the figure above

r=vt+ 1 xy/1 —v?/c? (33)

where the second term takes into account length contraction of a moving frame.
We can use our arguments about the transverse directions to show that they are
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unchanged and then have the spatial Lorentz transformations:

1

x/ = 7($—Ut)
V1 —v?/e?

y =y

Z/ = zZ

t'" = /1 —v?/c? + synchronization effect (34)

4.1 Synchronizing Clocks in Moving Frame

Our approach to get our system of reference made of a grid of meter sticks and
synchronized clocks requires that we synchronized the clocks. An approach to
synchronizing the clocks is: bring the clock together, match their readings, then
move into place. Move them slowly and gently so as not to disturb their operation.
Consider the simple case of two clocks brought together at the origin of the
moving system 5. When they are together, from the laboratory frame S both
clocks read same time and are going slow by a factor /1 — (v/¢)? as a result of
time dilation. Now very slowly and gently move one clock back (in negative z'-
direction; toward the laboratory system origin) a distance ¢ in elapsed time { = év 7.
The clock at the origin has its rate slow by (/1 —v?%/¢? relative to the laboratory
frame. Clock moving back in negative z'-direction has its rate slowed by the factor

\/1 — (v —6v)?/c?
fa=y/1 =02/, fB:\/l—(v—5v)2/02fo (35)

The difference in the clocks’ rates is

fa—1fs = [\/1—v2/c — /1= (v —év)? ]

_ # 1___(1__ 0—51)))1/2]
V1 —v2/e? c?

_ fo U_ ( v2 +25UU 5_@2)) ]
/1—1)2/02 c? E c? c?

_ _fa(va/c _ bv v/c (36)

1 —v?/c? ’ /1 —v2/c2

If it takes a time 7 = (,/6v to separate the clocks, the time difference between
them is

At = fAf_AfBT:<\/ v/ — \/1— — 6v) /c2)
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) 2 L, £ 2
e b hvle (37)

Note that the speed with which the clock moves drops out and the change in reading
is proportional only to the distance displaced and the velocity of the moving system.
Clocks get out of synchronization (phase) by an amount proportional to their
separation ¢, and v. If brought back together, the clocks will go into synchronization.
The clock that is farther behind in space is further ahead in time.
Note that in the frame S’ the difference in rate of time kept between the clock
at the origin and the one being moved back to its place is second order in v/c rather

than first order: / ,
c

P (sv)2/ e

So that by moving with a very, very slow velocity the integrated effect in the S’ frame
can be made arbitrarily small while the effect as observed in the S frame is always
—{'v/c* independent of dv. That is because the effect in frame S is first order in dv/c
and integrated over time equals the displacement.

The final Lorentz transformations are:

/ 2
1
= /1 —v?/? — :1;_21) =ty/1 —v?/c? — 2—27(:1; — vt)

1 —wv?/c?

= 71 [t—g] :’y[t—g] (38)

Notice for v << ¢ get Galilean transforms and there is also a symmetry between
the transformation equations.

t'=~(t—va/c*) t=~{+ va'/c?)

' =~(x — vt x =z + ot
A A A (39)
¥y =Y y=1Y
Z/:Z Z:Z/

4.1.1 Remarks on Lorentz Transformation

History: Lorentz transformation was derived by Lorentz before Einstein’s work.
Lorentz obtained them by considering invariance of Maxwell’s Equations.
Significance: They define the mathematical specification required to discus
a kinematic occurrence — a sequence of space-time events.
Agreement with First Postulate: If one does the inversion, one obtains
the same equations. Try replacing v by —wv.

Agreement with Second Postulate:
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In S, light is described by
dz\’ dy ? dz\? 9
il = —] = 4
(3e) + (&) (&) R

de? + dy* + dz* — Adt* =0 (41)

This is equivalent to

Substitute in the Lorentz transformations

2
' n2 dt' + 2dz’
(d(E —I_ Udt ) _I_ dy/2 _I_ dZ/2 _ C2 ( ¢ )

(i) (o)

2
v—d:z;'2 — Qudz'dt’ — czdtﬂ] + dy’2 + dz"?

c?

1
= 5 [d:}(;’2 + 2udz’dt’ + w2 —

(/i 7e)

— dz"”? + dy’2 + d=" — Edi"”* =0

Group Property of Lorentz Transformations in a Line
Identity exists: v =0

Inverse exists: v — —v

Transitive: S — 8 — 5" =85 — 5

Exhibit as an Fxercise?

It is true that all Lorentz Transformations also form a group.

4.2 Composition of Velocities

In Galilean relativity one simply adds velocities when changing frames of reference.
Velocity composition is slightly more complicated in Special Relativity. We can
readily derive the velocity composition formulae from the Lorentz transformation.

dt:dt’—l—c%dx’; ﬁ: 1"’%% :l—l—vul,/cz
V1 —v2/e? dt’ \/1—1)2/02 \/1—1)2/02

. 1+u 5

% /1—1)2/02

Cde dddwd! A 4ot

Uy =

dat gy 1_v2/025_ 1_v2/02%

u;—|—v \/1—1)2/02

1 —v?/c? 1_|_uc’$_2v

Uy =
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ul 4 v
Ur = ul v
1+ 5

_dy _dy_ dy'dr

WS T ar T ar dt

(42)

Uy = Uy ] 4 v
c2
L1 — v/
U, = U, ————— (44)

1+

These three equations are the Einstein Velocity Addition Law.

Velocities do not add like vectors!

There are other important quantities for which transformation equations are
needed. That is to say that they do not transform like vectors. Can work them out
as exercises, e.g. transformation of acceleration and force. We will discuss these more

later.

du, ,du!

o = —; a, = d—tf; etc.
Answers: N

1 -2
Ay = Mga; (45)

=2

(-5, (-5,
ay— [1+uc,m2v]2ay [1+uc,m2v]3 ax (46)
02 ulv N v?
a, = (1 — C_)zalz - < (1 C23) a, (47)
1+ 4] 1+ ]

Note as hint that

and
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4.2.1 Transformation of the Lorentz Factor ~

Now that we have the composition of velocities or Lorentz transformation of velocities,

we can find the transformation of the Lorentz Factor v and/or /1 — v%/c2.

First consider y/1 — u?/¢? where u is the speed of the particle in frame S and
u’ is the speed of the particle in frame S’ and the frames have relative velocity V.

2 2
! 2 u' y/1 —V2/c2 uy/1 —V2/c2
uzzui+u§+u2:(ﬂ) _|_(y / ) +(;)

L+ ulV/e? L+ ulV/e? L+ ulV/e?
so that
L (uh +V)? + (u +u2) (1 - V?/c?)
e c? (1—|—u§EV/02)2

A2V +u*VE A —u? =2V —V?— (u;2 + u’f) (1—-V?/c*)
(1 +uV/e?)?
-V (uf + uf + u’f) (1—-V?%/*)
2 (1+u V/e2)?
B (1—-V?%/*) (1 —u?)
AT

Taking the square root yields
1 —=V2/e2 /1T —u'?/c?
V1 —u?/e? = \/ / \/ / (48)
L+ ulV/e?
And since v = 1/4/1 — u?/c? we have

Y = (L+ulV/e) v, (49)

where v, and v, are the Lorentz v of the particle in the S and 5" frames, respectively,

and v5 = 1/4/1 — V2/c? is the Lorentz + of one frame relative to the other.
We will use these transformations again later.

4.2.2 Velocity of Light as Maximum

The velocity addition law indicates that the velocity of light is the maximum velocity
attainable by a material object. (Hence the origin of the t-shirt with Einstein in
policeman’s cap saying Speed Limit: 186,000 miles/sec! It’s not just a good idea; it’s
the law.)
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The velocity addition law for motion in the z-direction is

!
u, + v

- L+ ulv/c?

Uy

Ifvo=u! =¢/2,
_cf24¢/2 4
T T 5C

— ) =
Ifv=ul =e¢,

=cll

That is adding together two velocities that are very near the speed of light only gets
one closer to the speed of light; one cannot keep adding velocities and exceed the
speed of light.

Exercise: Show that if one has a particle moving at ec slower than ¢ (v’ = (1 — €)e
in the frame S" moving at speed v = (1 — ¢)c just less than the speed of light in the
same direction, the velocity observed in frame S is just a little less than c.

Solution: Once can use the composition of velocities formula

B v+ ul, B (1—€e+1-20)c 2—e—§ c
_1—|—uggv/c2

[

o - = ~ (1 —¢b/2
(=00 Z—c—dta’ ™ 14 =lma@e

2—e—6§
4.2.3 Velocity of a Causal Impulse

S S’

=

Causal Impulse —

_—
_. '_
L1 Lo
Cause Effect

In Frame S: (From the point of view of observer O in frame S)

Lo — X Lo — X
At=ty—t; = =L =21
u tg—tl

In Frame S’ (From the point of view of observer O’ in frame S')

1
— |
1 -2/ [ P c?

_ t2_t1 [1_ E <$2—$1):| _ 1—uv/02 At

1 —v2/c? 2 \ty — 1

At =1, — 1) =
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Now, if the causal impulse velocity u is greater than ¢ (the speed of light), one
can choose v to make At’ negative! Effect precedes cause! This is impossible, if we
are to keep causality, so the maximum velocity of a causal impulse is ¢.

This limit is for the group velocity in a medium wth normal disperson - group
velocity is the speed with which signals can be sent in that medium. Phase velocities
may have any value! In a medium with anomoulus dispersion the situation is more
complicated. Needless to say after some investigation, it will be found that the
information in the wave will travel at ¢ or less and that the electromagnetic field
travels at speed ¢ but the effects of the interaction with the medium and phases of
subsequent scattering/re-radiation can give nearly any group velocity if the phasing
is arranged properly.

4.2.4 Velocity of Light in a Moving Medium

S S moves with medium

Light
—— 1—)’
| [ ]
t medium l
u = E; n = index of refraction (50)
n
u 4+ v e/n+v c v
U= = 2(——|—v)<1——).
L+uv/e2 1+ ev/(ne?) n ne
cv  v?
U — o — —— — —

v 2
n n-c nc

u:5+<y—%)v (51)

n
This is exactly Fresnel’s drag coefficient from 1818.

Note that the effect is a little more complicated when dispersion (index of
refraction n depends on wavelength/frequency) is taken into account because of the
Doppler shift (see next section). The speed ¢, of light in a moving medium is equal
to

¢
By 52
c - + kv (52)

where v,, is the speed of the medium and




4.2.5 Doppler Effect

. X

Tu

A stationary observer sees light from a distant source, e.g. a star, The observer
sees the light with period P

1
pop LT (53)
1 —u?/c?
And wavelength A:
A=A (1+u/e) (54)

\/1—u2/02‘

One approach to this result is

B (1+u/e) | 1+u/e
A=), _
VL —u/e) (1 +u/c) 1—ufc

Remember that A\f = cor A\/P = c.
For the Ether Theory:

(1 —u/e) for moving source
/(1 +u/e) for moving observer

A=0{,

Where u is positive for approach.
The Special Relativity result is the geometric mean of these:

B I —u/c
A= Ao, e (55)

4.2.6 Aberration of Starlight

First consider light coming from a star perpendicular to the direction of motion of
the telescope.
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S S,\

Then consider more general directions.

Y Y

Z x

S 5’
Uy = —ccosa ul, = —ccosa’
uy = —csina u, = —csina’

Now apply Einstein velocity addition:

N
Tl —uv/c?

, cosa—+uv/c

cosa’ = -

1—|—Zcosoz

92/ 02

. V1 —v?/e
v

=y, —
Y Y 2
I —u,v/e

o, . 1 —v?/c?
sina = sina-———————
14+ Scosa

It is easy to check that sin?a’ + cos?a’ = 1.
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In the simple case a = 7/2 so cosa = 0,

’ v
cosax = —
C

which is the Bradley result.
In the general case, use the trigometric identity

0 stnd
tan- = ———
2 1+ cosb
o stna’ : L—v/e
tany = oo = s g
cosa (1 + Zcosoz) [1 + W]
o l—v/e, «
ran® — tanl 56
an- TFoje ang (56)

For outgoing rays, ¢ — —c.

5 Einstein’s Special Relativity

It is straight-forward to show that from Einstein’s postulates one also obtains the

Lorentz transformations.

Two Postulates

1. No physical experiment (without reference to outside) can determine the absolute

speed of the frame of reference.

2. The speed of light is independent of the speed of the source (or observer).
Consider an expanding sphere of light

2,2 2 2 2 2,12 ) 2 /
ctr = F+y " +2=ct"—a" -y -z

2
viewed by two inertial frames of reference (S and S’) by observers O and O’ respectively
with origins coinciding —at t =% =0,z =27 =0,y =y? =0,z = z? = 0.

By simple argument one can see that lengths transverse to the direction of
motion must be unchanged only = and ¢ will be modified. One argument is the one
made before about considering two identical cylinders aligned with each other and
their axes parallel to the direction of motion ¢. If the dimension perpendicular to
the direction of motion changes, then one cylinder will grow or shrink relative to the
other and could pass through the other. If one then switches to the other frame, the
opposite should happen or one can determine the absolute velocity. One would be
able to tell which one went inside and which outside.

Or consider the earlier discussion of two meter sticks aligned perpendicular to
the direction of motion. When the two meter sticks pass by each other one can use
them to measure each other and tell which is longer and thus establish the absolute
velocity.
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Thus by symmetry and logic using postulate (1) we have
y=y' v=z
so that the equation of expanding light sphere reduces to
C2t2 — C2t/2 _ x/?

If we accept the second postulate and assume coordinate transformations are
linear and homogeneous we have

' = Az + Bt

t'=Cx+ Dt

Now consider special cases:
(1) O origin has =’ = 0, which implies x = —%t. Since velocity of O relative to O is
v, so that v = —% which yields B = — Av.
(2) The origin of O has # = 0, which gives ' = Bt, ¢ = Dt implying 2’ = %t or
B =—Dv.

Combining (1) and (2) yields D = A. The linear transformation simplifies to

' = A(x —vt)
t'=Ca+ At
(3) Putting this back into the expanding light sphere formula
At = A7 — 1 [Ca 4+ A — [A(z — ot))?
= AC*%Y 4+ 2C Axt + AAM? — A%2? 4+ 2A%0x — AXH?
= A? (1 — v2/02) AP+ 2424 (C + :—QA) xt — (A2 — 0202) 2’

We can conclude that A% (1 —v?/c*) =1or A=1/4/1 —v?/c? and A? — *C* =0 so
that

C':—vA/czz—3 !

N

A2—c202:¥—v—2¥:1

1 =022 21—/

This gives us the Lorentz transformation

and thus

t' =~ —va/c?) t =~ +va'/?)

' =y(x — vt x =~(z" + ot
Jiy ) ;LM ) (57)
Z/:Z Z:Z/
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Thus we have the identical Lorentz transformations from simple logical
deduction. We can construct the full theory of Special Relativity by using these
postulates and a series of thought (“gendanken”) experimental. This approach is quite
elegant and intellectually pleasing and makes a very nice and tight exposition and
thus coherent little books. However, here we are emphasizing both the experimental
basis and applications and the importance of understanding relativity from more than
one point of view.

In the next section we rederive the Lorentz transformations using the
Minkowski geometrical view and the Poincare relativity principle (Einstein’s postulate
(1) but with a wider implication).

6 Minkowski Space-Time

The Minkowski (1908-1909) geometrical interpretation of Special Relativity is quite
a technically powerful approach. The primary step is to assume that our world is
described by a 341 dimension space-time continuum. There are four dimensions
and space is Euclidean but the addition of time to be the fourth dimension makes
space pseudo-Fuclidean because the metric which defines distance has a different sign
between time and space: There are two possible signatures for the signs: +, F, F, F
yielding the two possible metric equations:

The proper time convention:

(edr)* = (edt)” — (de)’ — (dy)’ — (d=)’ (58)
The proper distance convention:
(ds)” = —(cdt)’ + (de)’ + (dy)* + (d2)* (59)

For most of this course and notes I use the proper time (first) convention since
it has a positive value for the physical objects we consider.

Note that such a space is intrinsically different from a 4-D space with signature
+,4,+,+. It is conceptually confusing to smooth this over by replacing ¢t by ¢ct or
just 7 = x4. Even if this is done for the stated reason that most people know the
sine and cosine better than sinh and cosh.

6.1 Comments on 4-D Geometry for S.R.

The Minkowski metric and 4-D geometry makes quite an impact on how one can
approach problems in Special Relativity.

Importance

1) Assists in developing the needed space-time intuitions

2) Avoids always singling out a particular axis (2 || Vrelative)-

3) 4-D language is suggestive and seldom misleading. e.g. ¢ct is avoided! and it is
more likely to account for all coordinates in appropriate frame.

49



4) 4-D vectors and invariants are powerful tools.
5) Is an essential approach of geometrical General Relativity.

With 4 axes one needs 4 numbers to specify an “event” in space-time. But
directions are not equivalent. A meter stick can be rotated to measure y or z instead
of &, but it cannot be rotated into a clock.

6.2 Invariant Interval

The (Minkowski) geometry of space-time is constructed so that the interval: da? +
dy? + dz* — ¢*di? is invariant under a Lorentz transformation. And the signature is
invariant under all real transformations of coordinates.

In more general form the signature is written as a bilinear transformation or

a matrix:
(ds)* = > nu (dz,) (dz,) (60)

where the Minkowski metric term 7, can be expressly written as

1 0 0 0
o -1 0 o0
T =00 0 —1 0
0 0 0 -1

(61)

Because the determinant of the signature is not equal to one but is -1, there
are three different kinds of intervals:
(1) Space-like: Two space-time events separated such that

Az? + Ay2 + Az?> AL
As*>0 AT?<0 (62)

One can always find a Lorentz transformation to proper coordinates in which A¢? = 0.
That means that one can find an inertial coordinate system in which two events which
have a space-like interval happen simultaneously.
(2) Time-like: In this case events are separated such that A72>0 (or As?<0) because
AN >Ax? + Ay* + Az One can always find a Lorentz transformation to proper
coordinates in which Az? + Ay? + Az? =0
(3) Singular: In this case events separated such that As* = A7? = ( These events lie
on the light cone, such as a light ray in vacuum.

The result is that space-like intervals can always be measured with a meter
stick and time-like with a clock.

6.3 What leaves As? invariant?

(1) Moving origin in space. (translation in space) E.g.

i r+x,
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y =Y
Z = z

T (63)

(2) Re-setting zero time (translation in time) x, y, z remain the same and ¢’ =t + 1.
(3) Rotation of spatial axes, E.g.

¥ = zcosh + ysind
y' = —xsind + ycosl
7
7 = z
o=t (64)
(4) Lorentz Transformation:
¥ = vy (z—ot)
ro_
v
=~ (t — :L'v/cz) (65)

Which is equivalent to
¥’ = xcosh(¢) + ctsinh(o)

y/ = Y
ct’ = —wsinh(d) + ctcosh(d) (66)

where cosh(¢) =~ =1/4/1 —v?/c%
This is a Lorentz rotation of axes. It can be considered an imaginary rotation
in the @ — ¢t plane. Remember the hyperbolic trigonometry identity/definition.

cosh®(¢) — sinh*(¢) =1
Consider cosh(¢) = cosh(i¢), isinh(¢) = sin(i¢) which gives

¥ = zcos(ig) +ictsinh(¢)

¥y =Y
2 = z
ict! = —wxsin(ig)+ ictcos(id) (67)

Consider a space-like interval
|dx|>|edt|

Then da’ = ~ (dx — vdt) cdt! =~ (cdt — %d:z;) and one can always find a value of
v/c with |v/e|<1 for which edt’ = 0. Its magnitude is |v/c¢| = |edt/dx|<1. A similar
argument works for time-like intervals.
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In the following picture, OQ is time-like, OS is space-like, and OR is singular.
ct

world line of a free particle

Forward| Light Cone
r N\

\Past TIght Cone

By a Lorentz transformation we may:
(1) Move Q to the t axis.
or
(2) Move S to the 2’ axis.
But R will always be on a line of slope 1 in any S
Q may be on the particle’s world line, then we may find a frame in which z’
stays zero, which is called the rest frame of the particle. In this frame clocks at rest

measure the particle’s proper time, dr. In other frames dt = dr/{/1 —v?/c? = v dr.

0@ may be a meter stick. One can find S’ so that it lies on the 2’ axis and z’ = 0.
Consider particles to be pieces of the stick. They are laid out in S’ to measure
proper length A. For other frames, ¢/ = A\y/1 —v?/c? = A/~. with the x direction of
v and stick on the = axis.
For particles not free, that is with forces on them, we have the
instantaneous rest frame.

6.4 Derivation of Lorentz Transformations

The Lorentz transformations result automatically from the metric and the assumption
that in all inertial systems proper distances or times are invariants. That is any
observer in any inertial system will calculate the same proper distance between two
space-time events.

We start with two postulates:
(1) Poincare’ Relativity: The Laws of Physics are the same in all inertial frames.
(2) Minkowski Geometry/Metric Space-time is a continuum in 3+1 dimensions
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with metric

(cdr)? = —(ds)? = (edt)? — (de)” — (dy)® — (d=)?

where 7 is the proper time and s is the proper distance. Proper time is invariant for
all inertial systems.
Immediately we get time dilation

o=l () - (2) (6]

dr =dt /1 —v?/c?

If proper time is invariant,the we can show Lorentz transformation is linear.
(cAT)* = (cAt)* — (Az)* — (Ay)* — (Az)”
= (A2°%)? — (Az')? — (A2?)? — (AZ?)?

the second equation defines a numbering system for coordinates. But this same sum
in the primed coordinate system must give the same proper time.

= (cAt')* — (Ax')* — (Ay)” — (AZ')?
The conversion from one coordinate system to another

ox' ox'
de!, = “drs = S0
l’a Zﬁ: 6:1;5 xﬁ 8:1;5

dl‘g

where the second right hand side defines the Einstein summation convention that a
repeated index (in this case ) mean summation on that index. The Greek symbol
index sums over four (4-D) going 0, 1, 2, 3 and Roman letters sum over three spatial
coordinates going 1, 2, 3.

! !
Adr? = Z dz? = Z Z O, axadxgdxg
— 5 dxg 0

Ts

= dei = ZZ‘Sﬁadwﬁd%

B

Therefore
oz! dz!,
6:1;5 81}5

2]
dze

one finds

implying if one takes the derivative:

2.7 / / 2.7
0%zl Ox!, 0Ozl 0%

Oxpgdz, Oxs + Oxp Oxsdx, =0
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Now one can then shift through the indices: € — 3 — 6 — € and get generically
0’ 0z’ 0
Oxdx dx
and the determinant of da'/0x = +1 which implies

0%’
Oxdx 0

and
l’/a = Aa —|— ZAagl'g
g

Which shows that the coordinate (Lorentz transformation) must be linear to preserve
invariant the proper distance and time. Thus

dl'/a = Z Aagl'g
B

and

Z AaﬁAaé — 555

The solution to these equations is

coshyp  —sinhyp 0 0

A= —stnhy  coshiyp 0 0

N 0 0 10

0 0 0 1

or equivalently

5y —yv/e 0 0 [ct
A N YA —’}/U/C vy 0 0 T
[Ct,l’,y,Z,]— 0 0 1 0 Yy
0 0 0 1 z

o4



7 Lorentz Transformations

The Lorentz transformations may be obtained in one of several ways which includes
(1) fitting to experimental observations, (2) using the two postulates of special
relativity, or (3) assuming Minkowski (4-dimensional) space and finding what are
the transformations that leave 4-D vectors lengths invariant.

History: Lorentz transformation was derived by Lorentz before Einstein’s
work. Lorentz obtained them by considering invariance of Maxwell’s Equations and
the Michelson and Morely experimental results.

Significance: The Lorentz Transformations define the mathematical
specification required to discuss a kinematic occurrence — a sequence of space-time
events.

7.1 Experimental Lorentz Transformation Derivation

The Lorentz transformations are demanded and supported by experimental
observations. The Lorentz transformation equations can readily be derived from
length contraction and time dilation after taking a short detour to discuss clock
synchronization.

Consider two frames of reference: S, the laboratory frame and S’ a frame of
reference moving with velocity ¥ in the & direction as shown in the following figure.

/

y y
X x| (t, x, v, 2)
® cvent (t/ 5y )
S 5 /9 >
» » — v

Arrange things so that at ¢ = 0 and ' = 0 that the two origins O and O’
coincide.

Consider each reference system to be an actual lattice of meter sticks and
clocks, e.g. each reference system is filled with these space and time measuring
devices at every point.

Get clocks in S to agree. Identical clocks set by sending out a light pulse from
origin O and also from the midpoint between any two clocks. Check times, reflect
back to midpoint, if pulses arrive together, then clocks agree.

System S’ does the same with his clocks.

We have for the space-time event in the figure above

r=vlt+a xy/1—0v?/c? (68)
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where the second term takes into account length contraction of a moving frame.
We can use our arguments about the transverse directions to show that they are
unchanged and then have the spatial Lorentz transformations:
1
¥ = —— (2 — i)
1 —v?/c?

y =Y
= z
t" = ty/1 —v?/c? 4 synchronization effect (69)

7.1.1 Synchronizing Clocks in Moving Frame

W
|

Our approach to get our system of reference made of a grid of meter sticks and
synchronized clocks requires that we synchronized the clocks. An approach to
synchronizing the clocks is: bring the clock together, match their readings, then
move into place. Move them slowly and gently so as not to disturb their operation.

Consider the simple case of two clocks brought together at the origin of the
moving system 5. When they are together, from the laboratory frame S both

clocks read same time and are going slow by a factor /1 — (v/¢)? as a result of

time dilation. Now very slowly and gently move one clock back (in negative z'-
direction; toward the laboratory system origin) a distance ¢ in elapsed time { = év 7.

The clock at the origin has its rate slow by (/1 —v?%/¢? relative to the laboratory

frame. Clock moving back in negative z'-direction has its rate slowed by the factor

\/1— — 6v)%/c?
fa=y/1 =02, fB:\/l—(v—5v)2/02fo (70)

The difference in the clocks’ rates is
Ja—fs = [\/1—1)2/02 \/1—(1) 51)) /62:|
Jo v?
T2

\/1—1)2/02

2 2\ 1/2
_ Jo (1__ v+25vv (51;)) ]

/1—1)2/02 c? c? c?
sv v/c? bv v/c
= —fug— = B 1
fl_vQ/C2 I 1 —v?/c? (71)

If it takes a time 7 = (,/6v to separate the clocks, the time difference between
them is

At = fAf;AfBT = <\/1 —v?/c? — \/1 — (v—5v)2/c2) T
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) 2 L, £ 2
e b hvle (72)

Note that the speed with which the clock moves drops out and the change in reading
is proportional only to the distance displaced and the velocity of the moving system.
Clocks get out of synchronization (phase) by an amount proportional to their
separation ¢, and v. If brought back together, the clocks will go into synchronization.
The clock that is farther behind in space is further ahead in time.
Note that in the frame S’ the difference in rate of time kept between the clock
at the origin and the one being moved back to its place is second order in v/c rather

than first order: / ,
1
PR A
c

V1= (6v)?/c?

So that by moving with a very, very slow velocity the integrated effect in the S’ frame
can be made arbitrarily small while the effect as observed in the S frame is always
—{'v/c* independent of dv. That is because the effect in frame S is first order in dv/c
and integrated over time equals the displacement.

The final Lorentz transformations are:

- ;[t—g]:’y[t—g] (73)

Notice for v << ¢ get Galilean transforms and there is also a symmetry between
the transformation equations.

t'=~(t—va/c*) t=~{+ va'/c?)
' =~(x — vt x =z + ot
y’(z y | ;(: y' | ()
Z/ =z Z = Z/

7.2 Postulate Lorentz Transformation Derivation

We want to consider the transformation from one inertial coordinate frame S with
coordinates (ct,x,y,z) more generally (xo, 1,22, x3) to another inertial coordinate
frame S” with coordinates (ct’, ', y’, z’) more generally (x(, x7, x5, ©5)

First we establish that the transformation must be linear. This can be shown
many ways - for example, from Newton’s first law and the idea of temporal and
spatial homogeneity: An ideal standard clock is one that runs at a constant rate,
e.g. ticking off a second at a fixed interval independent of the absolute time. We
would like for its rate not to depend its position in space or time as an indication
of spatial and temporal homogeneity. Consider a standard clock €' moving through
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frame S, its motion being given by x; = x;(¢), where z; (¢ = 1,2,3) stand for the
three spatial coordinates (x,y, z). Then dx;/dt = constant. If 7 is the time indicated
by the clock C itself, homogeneity requires the constancy of dt/dr. Fqual outcomes
here and there, now and later, of the experiment that consists of timing the ticks of
a standard clock moving at constant speed.

Together these results imply dz,/dr = constant and thus d*z,/dr* = 0, where
we have written z, (¢ = 0,1,2,3) for ¢t, x,y, z). In frame 5’ the same argument yields

d*x), /dr* = 0. We also have

da’ 0! dx d*x 0!, d*x 0*x!, dzx, dx
W _ p 4Ty p_ N T Ty p 4Ty O
dr Zy: dx, dr’ dr? Zy: Jx, dr? + ZU:ZU: dx,0x, dr dr (75)

Thus for any free motion of such a clock the last term in the equation must vanish.
This can only happen if 9%z /0x,0x, = 0: that is, if the transformation is linear.

An immediate consequence of linearity is that all the defining particles (that
is, those at rest in the lattice) of any inertial S” move with identical, constant velocity
through any other inertial frame S. Suppose that the coordinates of S and S’ are
related by

T, = (Z wa;) + B, (76)

Then setting ! = constant (¢ = 1,2,3) for a particle fixed in ', we get dt = Agod?’,
de; = Ajodt’, and thus du;/dt = Aj/Acw = constant, as asserted. The defining
particles of S thus constitute, as judged in S, a rigid lattice whose motion is fully
determined by the velocity of any one of its particles.

Another consequence of linearity (plus symmetry) is that the standard
coordinates in two arbitrary inertial frames S and S’ can always be chosen so as
to be in standard configuration with respect to each other.

It is always possible to chose the line of motion of the spatial origin of S” as
the x-axis of S, and to choose the zero points of time in S and 5" so that they two
origin clocks both read zero when they pass each other. Any two orthogonal planes
intersecting along the x-axis can serve as the coordinate planes y = 0 and z = 0 of S.
The two planes, fixed in S, plus the moving plane x = vt (v being the velocity ofS’
relative to S) correspond to plane sets of particles fixed in S’. Moreover, the planes
y = 0 and z = 0 must also be regarded as orthogonal in S’ otherwise the isotropy
of S (in particular, its axial symmetry about the x-axis) would be violated. So we
can takes these planes as the coordinate planes y’ = 0 and 2z’ = 0, respectively of S’,
otherwise the projection of that axis onto that plane would violate the isotropy of 5.
Hence we can take x = vt as ' = 0. In what follows, we assume S and S’ to be in
standard configuration.

The Relativity Postulate implies that the transformation between any pair of
inertial frames in standard configuration, with the same v, must be the same. Suppose
we reverse the z- and z- axes of both S and S, by symmetry and reciprocity, this
operation produces an identical pair of inertial frames with the roles of the ‘first” and
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‘second’ interchanged. So if we then interchange primed and unprimed coordinates,
the transformation equations must be unchanged. In other words, the transformation
must be invariant under what we shall call an xz reversal:

e -2, yey, ze -2 tet (77)

The same is true for an xy reversal.

Now by linearity, y' = Ax + By + C'z + Dt + E, where the coefficients are
constants, with some dependence on v. Since, by our choice of coordinates, y = 0,
must entail ' = 0, we have 3’ = By. Applying an xz reversal yields y = By’
and so B = 4+1. However when v — 0 one must continuously go to the identity
transformation and to ¢y’ = y and thus the only choice is B = 1. The argument for z
and 2z’ is similar, and we arrive at the ‘trivial’ members of the transformation:

y' =1, =z (78)

just as in the Galilean/Newtonian case and for the same reasons.
Next suppose linearity so @’ = yx + Fy 4+ Gz 4+ Ht + J, where for tradition we
have used « as the coefficient for x. By our choice of coordinates, * = vt must imply

' =0, so that vv + H, F, G, J all vanish and

o' =7 (x —vt) =7y (z — fet) (79)
An 2z reversal then yields

v =7 (' +ot') =752 + Bet) (80)

At this stage Newton’s axiom ¢’ = ¢ would lead to v = 1 and 2’ = & — vt; that
is, to the Galilean transform. Instead we make the real use of Einstein’s law of light
propagation - the second postulate of Special Relativity. According to it, * = ¢t and
' = ct’. Both frames S and S’ have the speed of light as ¢ and the two equations
are simply descriptions of the same light signal in each reference frame. Substituting
these expressions back into the transformation equations for =’ and x we find the
relations ct’ = yt(c — v) and ¢t = yt'(¢ 4 v), whose product divided by t’, yields

1

VZW

since v — 0 must lead to 2’ = x continuously, we must chose the positive root. This is
the famous ‘Lorentz factor’ gamma (v), which plays such an important role in Special
Relativity. Previously it was found to satisfy experiment. Here it appears to satisty
the second postulate of the speed light being the same finite value in all inertial
frames and in the context of the relativity postulate.

The elimination of the cross reference frame coordinate, e.g. 2/, finally leads
to the most revolutionary of the four equations

t'=~ (t — v:z;/cz) (82)

(81)
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Since in the above derivation we have used FEinstein’s light propagation
postulate only on the wz-axis, must still check whether the transformations respects
it generality. First, the linearity of the transformation implies that any uniformly
moving point transforms into an uniformly moving point. This, incidently recovers the
invariance of Newton’s first law, but, of course, it also applies to light signals. Next,
one easily derives from the transformations the enormously important fundamental
identity

Adt"”* — da* — dy"* — d2”? = Adt — da* — dy* — d2? (83)

The distance dr between neighboring points in a Euclidean frame S is given by the
‘Fuclidean’ metric

cr? = da* + dy? + d2? (84)

From the identity we have dr? = c%dt?, which is characteristic of any effect traveling
at the speed of light, implies that dr”? = ¢*dt"? and vice versa. So the Euclidicity of
the metric and the invariance of the speed of light are jointly respected by the Lorentz
transform.

7.3 Minkowski SpaceTime Derivation

The (Minkowski) geometry of space-time is constructed so that the interval: da? +
dy? + dz* — c*dt? is invariant under a Lorentz transformation. And the signature is
invariant under all real transformations of coordinates.

In more general form the signature is written as a bilinear transformation or

a matrix:
(ds)* = > nuw (dz,) (dz,) (85)

where the Minkowski metric term 7, can be expressly written as

10 0 0
0 -1 0 0
0 0 0 -1

for Fuclidean (pseudo-FEuclidean because of sign difference) coordinates.

We consider that inertial coordinate systems are those for which the four-
dimensional length defined by the metric is invariant. Immediately, this gives us time
dilation:

(cdr)? = —(ds)? = (edt)? — (de)* — (dy)* — (d=)?

ol () () (5]



dr = dt /1 —v?/c? (87)

Thus we see immediately that the rest frame elapsed (rate) time 7 will be dilated by
the factor /1 — v?/c2.

If proper time is invariant, then we can show Lorentz transformation is linear.
The conversion from one coordinate system to another

ox!, ox!,
da! = Z 925 deg = 8:1;5de

where the second right hand side defines the Einstein summation convention that a
repeated index (in this case ) mean summation on that index. The Greek symbol
index sums over four (4-D) going 0, 1, 2, 3 and Roman letters sum over three spatial
coordinates going 1, 2, 3.

/

Adr? = Z dl’ﬁdl‘g
[e% ﬁ )

= Zdl‘ = 225 5adl’gdl‘5 (88)
[e% ﬁ )

Therefore
ox!,

6:1;5 81}5 Z

[}

a0sa (89)

implying if one takes the derivative: 8%6 one finds

0*x!, 9!, 0!, 9%,
_I_

Oxpdx, dvs  Oxp dxsdx, =0

Now one can then shift through the indices: € — 3 — 6 — € and get generically

9z ' 0
dxdz Ox
and the determinant of da'/0x = +1 which implies
0%z’
drdz

and

= Aa + Z Aagl'g
B

Which shows that the coordinate (Lorentz transformation) must be linear to preserve
invariant the proper distance and time. Thus

=D Aopdug
5
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and

Z AaﬁAaé — 555

The solution to these equations is

coshyp  —sinhyp 0 0

A= —stnhy  coshiyp 0 0

N 0 0 10

0 0 0 1

or equivalently

5y —yv/e 0 07 [t
A N YA —’}/U/C vy 0 0 T
[Ct,l’,y,Z,]— 0 0 1 0 Yy
0 0 0 1 z

The Lorentz transformation can be derived as the transformations that are
velocity boosts from one inertial frame to another.

7.83.1 ict Derivation of L.T.

In this subsection we derive the Lorentz transformation the way that undergraduates
were often introduced to the subject and this shows an alternate coordinate definition.
First consider four dimensional Fuclidean space with coordinates (xy, x4, ¥3, x4) which
in Cartesian coordinates are x,y, z,itct). Then the length of a vector with one end
on the origin and the other at point P = (xq, xa, 3, 24) is given by the Pythorean
(Euclidean/Cartesian) metric Define x4 = T' = ¢ct, then

&= Y

a=1,4
Py AT
= P4yt 4271 (ict)2
= P4yt 47— (ct)2 (90)

Thus the distance squared is just the same as before but with the opposite sign. If
we want to consider all the transformations that leave the four-D distance invariant:

d2 — (d/)2
vyt = (et)? = (@) )+ () (et) (91)
The most general linear transformation for a Euclidean space (excluding translations)
that leave vector lengths invariant is a simple rotation.

' = zcosa+ Tsina

T = —axsina+ Tcosa (92)
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Consider the point(s) ' = 0. By definition of the relationship between the reference
systems @ = vt = vT'/(ic) for same point. The rotation angle is then

=B (93)

tanoa = 1

oY I~

Thus « is an imaginary angle (tana = w/c — o* = v/e).

1
cosa = 1/seca = 1/(1 + tan?a)/? = ——= =~ (94)
V1 —v2/e?
sitna = tana X cosa = igfy =3y (95)
¢
Putting these into the rotation equations above
¥ = zcosa+ Tsina =~z +Tify =~z —vt)
T" = —zsina+ Tcosa = —zifpy+ Ty =~+(T — ifz)
cd = (et — Pa) (96)

7.4 General Lorentz transformations: the Lorentz group

One can explicitly verify that the Lorentz transformation

ct’" = ~(ct — Ba) t' =5t —vz/c)

¥ = ~(x — Bet) ' = y(x — vt)

y o=y

2 = z (97)

where 3 = v/c and v = 1/y/1 — 32, leaves the space-time interval ds = (cdr)
invariant. By choosing space coordinates so that the relative velocity of two inertial
frames is along the = direction, it follows that all Lorentz transformations leave the
interval invariant.

We can explicitly write this out as a matrix equation:

ds® = n,,de"dx” = Zandaj“dw” (98)
woov

where a repeated index means a summation in the Einstein convention.
Specifically, in Cartesian coordinates

1 0 0 0 cdt
ds® = [edt dx dy d2] 8 _01 _01 8 2‘; = Fdt* — dx® — dy® — dz* (99)
0 0 0 -—1]/|d=
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The Lorentz transformation in matrix notation for Cartesian coordinates is

v =B 000

s_ =8 v 00
S I A (100)

0 0 0 1

Since

v =3 0 011 0 0 0 v =3 0 0 10 0 0
8 4 0 0|]l0o =1 0 0||-98 4 00| |0 -1 0 o0
0 0 1 0 O 0 -1 0 0 0 1 0l [0 0O =1 0
0 0 0 1 0 0 0 -1 0 0 0 1 0 0 0 -1
(101)

it is clear that the Lorentz transformation leaves the interval (ds’)2 = ds? invariant.
Now we can define the Lorentz group as the group of matrix transformations
that leave the interval ds invariant.

(ds')? =, A" N ,de’d2’ —= ds® (102)

But ds* may be written as: ds* = 5,,dx”dz° thus we may infer that
nuuAM pAy o = Npo (103)

Hence, any matrix A which leaves the metric invariant under the
transformation represents a Lorentz transformation. These matrices form a group
of transformations known as the Lorentz group. When combined with translation
symmetry, z* — (2')* = 2" + o, with o/ as the components of a constant 4-vector,
it forms a larger group known as the Poincare group.

7.5 Lorentz Group

In Mathematics the Lorentz Group is the the group of all linear transformations of
the vector space R* that leave the quadratic form —z2 + 27 + 23 + 23 invariant. The
Lorentz group is isomorphic to O(1,3,R), a real form of the complex orthogonal group

O(4).

8 Thomas Precession

Thomas Precession is a kinematic effect discovered by L. T. Thomas in 1926 (L.
T. Thomas Phil. Mag. 3, 1 (1927)). It is fairly subtle and mathematically
sophisticated but it has great importance in atomic physics in connection with spin-
orbit interaction. Without including Thomas Precession, the rate of spin precession
of an atomic electron is off by a factor of 2. Later we will see that there is a similar
effect for gravitational fields.
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The effect is connected with the fact that two successive Lorentz
transformations in different directions are equivalent to a Lorentz transformation plus
a three dimensional rotation. This rotation of the local frame of rest is the kinematic
effect that causes the Thomas precession.

For the lecture we will not do the full mathematical treatment, since it is
rather involved. Instead we will show by a simple example how the rotation and thus
precession comes about.

Make two successive Lorentz transformations in orthogonal directions: from S
to S’ with velocity v along the x axis, followed by a transformation from S’ to S” with
velocity v’ along the y" axis, as shown by the following diagram.

"

y
S//
"
0" 0 o
y v/ ?
y/
0 / ,
X > X
O S v O S/

The line from the origin O of S to the origin O” of S” making and angle ¢ in
S and an angle #” in S”. We can calculate the angles in the two frames by applying
the Lorentz transformations and evaluating them in each frame.

' =~(x —vt) r =2+ ot
t' =~ —va/c?) =~ +va/?)
y'=y y=y'
y// — 7/(y/ _ v/t/) y/ — ,}//(y// _I_ vt//) (104)
x// — x/ x/ — x//
where
y=1/y/1 =v¥/c2 v =1//1 = (v'/c)?
Combing these equations one finds:
"= Ay = v'y(x = vt)]
" =~z — i) (105)

Now we can calculate the angle # made by the line between origins. For a
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Galilean transform one would have

/t !
tang =2 =""=" (106)
x vt v
but Special Relativity shows us that 3-D velocities do not transform like 3-D vectors.
So we must calculate carefully.

! ! " /t// ! /t//
panp = L = ¥ W), (107)
T vt vt vt
="+ va' /) |prmw=0 = ¥ (" + 0"y )| yr=0 = 171" (108)
so that oty .
tand = 12 = (109)
vyy'tt v

Note that this answer is very near the Galilean result but with the factor of
1/~ which reminds us of aberration.
Now we calculate 0":

" My' — o't
rangt = ¥ Ay =] (110)

x// x/

where 2”7 and y” are the coordinates of the origin O of system S in the S” system.

Thus

Mo o o't Loyt VNN
tand” — 7[97/”]|y:0 L (111)
T T y(x — vt) —~vt
t' =t —vr/c®)|pmo = V1; (112)
1.7
tany’ = L2 (113)
v

This looks again similar to the Galilean angle except for the extra factor of +'.
Now consider a particle on a curved path

At a certain time it is at the origin O of our system S. Put the x axis parallel
to the path, and y axis toward the center of curvature. At ¢ = 0, the rest frame S’ is
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moving in the z direction with velocity v. At a slightly later time its rest frame S” is
moving perpendicular to #’ in the y direction with velocity v’ = év.

Define . /
60 =0" — 0 = tan™! (v 7 ) —tan~! (v_) (114)
v Yo

For a very short time interval the motion is circular. That is fit the local curve with
a tangent circle with appropriate radius of curvature.

vy, = wReosg v, = whRsing

v, = v v, = 6v =10 (115)
so
v/
tang = —
v
60 = 0" — 0 = tan™" ('tand) — tan™" (tanqﬁ) (116)
v
Choose ¢ to be very small;
5= 02 _ vl
R R
Then s
t 1

In a circle the acceleration is

giving

Suppose we are in a non-relativistic region v << ¢, like an electron in an atom:

1 1 v 1 v
7/—; — /1 =(v/c)? S(= —1‘|‘2(C) N§(Z)2

’/C
since tang = v'/v << 1. Putting this back into the expression for wr

a 1)2 va

Wwp R ——— = ——
v 2c2 2c2
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Thus 6" > 6, thus a counter-clockwise rotation, implying

-, =

UXxad
Wr =55 (118)
The rigorous result is
2 — —
. ~v° UXa
= 119
wr v+ 1 22 (119)

9 Spin-Orbit Interaction of Electron with
Nucleus in an Atom

Now we are set to apply this kinematic effect to spin precession in an atom. In its
own rest frame the electron “sees” the nucleus flying by. .

The electron’s magnetic moment, i, and spin angular momentum, S, are
related by

(&4 —
0= S 120
= (120)
The torque on the magnetic moment is
dS ,
r=—=[ixB 121
T=— =0 (121)

where B’ is the magnetic field in the e~ frame.
— — 1_))6 —
B =~ (B - —><E) (122)
¢

Where B is the magnetic field and E is the electric field in the nucleus rest frame.
v/e << 1 sothat v~ 1,

N (é . Exﬁ) (123)
dt c

arises from the interaction energy
7 — =4 1_))6 =
U'=—pi-|B——xFE (124)
¢

If £ is due to a spherically symmetrical charge distribution — as for a one-
electron atom or one outside a closed shell — then

L 7 dV
eF = -VV(r) - fd—. (125)
rar
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Then

rdV
U'=-——"238 B+—"35.ix (—f—) (126)
MeC MeC r dr
S 6x(—r):—|—§ Fx@
U= ——§.B+—373 (Fxﬁ)——v
mec m2c? rdr
e = e ~1dV
= — S-B S L—— 127
MeC + M. C2 r dr (127)
since mixd = L = angular momentum. This second term is the spin-orbit

interaction.

Now, if the electron rest frame is rotating — Thomas angular velocity &,

dS/dt # [ixB'. The general kinematic result from classical physics is:

0 0

=
a |r0tation coordinates — at |inertial coordinates — WX

as an operator on any vector. So

S S

o
=
at |r0tation coordinates — at |inertial coordinates — WX S

With this expression the interaction energy is changed to:

U=U"—8. &

where & is proportional to the centripetal acceleration due to F,.

S 1 . 1 el
wr =~ @vxa = ﬁvx m.
B 1 oo rdV
N chzv r dr
1 () 1dV L 1dv
= FXP) —— = ——————
2m. c2 r dr 2m2ctr dr
Thus
1 = 514V
. /_ P
v="v 2m2c? rdr
e = = 1. 1 = 514V
= — S-B l——)——5.-L—
MeC + )m202 r dr

(128)

(129)

(130)

(131)

(132)

The -1/2 is the famous one half. Including it, the observed fine-structure spacings in

atomic spectra, due to electron spin, are correctly predicted.
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This schematic gives a heuristic indication of how the torque arises.

—

o)
+q

=l

c/

The force on each charge (positive and negative) is F' = ¢F. The magnetic
moment is g = g{. The net torque is

T = qFElsind = pFsinb

The energy relative to 8 = 7 is

é —
AE = —2qE§COS(9 =—j-FK
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10 A Simple Derivation of the Thomas
Precession

The following derivation is based upon a suggestion by E.M. Purcell.

Imagine an aircraft flying in a large circular orbit. Approximate the orbit by a
polygon of N sides, with N a very large number. As the aircraft traverses each of the
N sides, it changes its angle of flight by the angle § = 27 /N as shown in the figure.

‘él\\ W

. 0
side of L

polygon

After the aircraft has flown NV segments, it is back at its starting point. In the
laboratory frame, the aircraft has rotated through an angle of 27 radians. However in
the aircraft’s instantaneous rest frame, the triangles shown have a Lorentz-contraction
along the direction it is flying but not transversely. Thus at the end of each segment, in
the aircraft frame, the aircraft turns by a larger angle than the laboratory 6 = 27 /N,
but by an angle ' = ~0 = W/(L/v) = 2xv/N. After all N segments in the aircraft
instantaneous rest frame the total angle of rotation is 27~.

The difference in the reference frame is

A) =2x(y—1)

Since N has dropped out of the formula for the angle and angle difference, one can let
it go to infinity and the motion is circular and the formula is for the rate of precession.

This equation, despite the simplicity of the derivation, is the exact expression
for the Thomas precession . The equation does not include the oscillating term
because the derivation neglected the fact that the front and rear of the inertial
airframe are not accelerated simultaneously.
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11 Relativistic Dynamics of Particles

We will consider two approaches to reconciling Newtonian mechanics with relativity:

(1) The phenomenological approach based upon experimental results (e.g.
length contraction, time dilation, clock synchronization) and generalize Newtonian
mechanics to be consistent. We start with Newton’s Principles (postulated three
laws of mechanics) and generalize them to include Special Relativity.

(2) The second approach is to take literally Minkowski 34+1-D space and use
four-dimensional vectors and 4-D vector algebra in the way we are used to doing 3-D
vector algebra. In the previous sections we have seen how velocity and force (and
other important quantities) do not transform as 3-dimensional vectors in relativity.
We can, however, generalize them to 4-D vectors successfully.

First let us consider the phenomenological generalization of Newtonian
mechanics based upon experimental observations. This will provide a comparison
and motivation for the 4-vector approach.

11.1 Generalize Newton’s Laws
11.1.1 Newton’s Laws

First and Second Laws are a definition of force and implicitly the law of conservation
of mass. The Third law is the law of conservation of momentum.
1. Results of the Lorentz Transformation
2. Generalized Conservation of Mass
>, m; = constant, not each m; separately constant.
3. Conservation of Momentum

> mug; = constant
> m;u,; = constant
> mgu,; = constant

These postulates are as close as possible to those of Newton, but they produce
different results.

11.2 The Mass of a Moving Particle
11.2.1 Space Billiards

Consider two identical space ships aligned to pass near each other with speed w in
opposite directions at a distance d apart in frame S. At identical times (t; = —2,/u =
—d/(2u,) in frame S each emits an identical steel ball with exactly opposite directions
(in a direction perpendicular to their direction of motion in their rest frames) and
with exactly equal transverse velocities u,. The timing and positions are such that
the two steel balls collide directly and elastically in the center (origin of frame S)
between the ships and each ball rebounds to go back and be recaptured by the ship
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that emitted it at time ¢, = x,/u = d/(2u,). The location of the upper and lower
ships is symmetrical by construction as is the collision.

u i
u — o —_—
S frame
u i
-~ ] ~— =
ﬁ/
o _— d
S’ frame
u

Now consider the events in the frame S’ from the lower (in the picture) rest
frame. That is, the inertial frame where the lower ship is at rest. By using the Lorentz
transform it is easy to see that the events which were simultaneously in the observer
O’s frame S are no longer simultaneous in the frame S’. In fact in frame S’ the upper
ship will emit its ball first, then the lower ship will emit its. The lower ship receives
its ball back next and then the upper ship receives its ball back.

¢ = (t+3x)

Spaceship event Coordinates in S tan S’ At
Upper emit —a,/u, —xg (=2, /u — uz,/c?)
Lower emit —a,/u, +x9 Y(—x,/u+uz,/c?) 2yva,/c
Lower recapture T, /u, —xq Y(xo/u —uz,/c?)
Upper recapture To/u, +xo Y(@o/u+ vz, /) 2vyva,/c?

The balls still meet in the center by symmetry and because the Lorentz
transformations leave transverse directions unchanged. The upper ball has a lower
velocity and change in velocity upon scattering than the lower ball. If we want the y
component of momentum conserved, myAuy,; + maAu,, = 0 and since Auyy <Auyg,
then the masses are not equal and my>ms. The more rapidly moving mass is greater,
even though in frame S the two balls were identical and had identical mass by
construction and symmetry.

This is exactly the case of transverse collisions discussed below.
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11.2.2 Longitutional Collision

Consider the collision of two identical particles moving at each other with identical but
oppositely directed velocities. These particles are aligned so that they will undergo
an elastic collision and rebound in the opposite direction.

/

Y Y
S S’
m’ m’
o <o
+uj r_
1—)» —Up = Uy
-— 1 2
X x/

In S' symmetry says that an elastic collision leads to a reversal of velocities of
the colliding masses.

In S:

u' 4+ v —u' + v

U = ——; Uy = ———.
1 +uv/c?’ 1 —u'v/c?

From the conservation of mass:
mq + mqy = M = constant
From conservation of momentum
miuy + mouy = Mv = constant

By considering the motion at the instant of relative rest.
In the following algebra we show that m = ym,

u + v N —u' 4+
m————t my—
14w/ 1 —uv/c?

Subtracting the right hand side from both sides of the equation one has

= m1v + myv

u 4+ v—v—uv?/c? —u' +v—v+u'v?/c? 0
my Mg =
1+ uv/c? 1 —uv/c?
u —u'v?/c? —u’ + u'v?/c? 0
nmy—— ;5 5 The——F—— =
L+ u'v/c? 1 —u'v/c?
my Mg

1+uv/c2 1 —uv/c?
my 1+ u'v/c?

my 1 —u'v/c
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The law of transformation of /1 —u?/¢? is
1 —(u)?/c2 /1 —v?/c?
TW@J (w)? /)1 — v?
L+ uwv/c?

Multiplying the mass ratio equation by \/1 — (u')?/c? \/1 — v?/c? divided by itself give

m 1+ u’v/CQ\/l — (u’)2/c2\/1 — 02/
M 1—u’v/cQ\/l—(u’)2/c2\/1_v2/cz

One can then group the first term with its reciprocal to find

my 1= (ug)?/e

mo 1 — (ug)?/c?

Noting that 4+u!, = +u’ goes with u; and —u!, = —u’ goes with uy. Thus

may/ 1 — (u1)?/c? = may/1 — (uz)?/c? = m,

e

implying

m =

(133)

11.2.83 Transverse Collision

Consider a symmetric transverse collision
Inital State

+of m'
-
U ‘ ? —U/
m’ —v’

This is a glancing collision with no change in the momenta in the z direction.

In the S’ system, one sees a reversal of v"’s on collision.
Final State

!
‘|‘U$ m’
—u’ . ? u
m AW,
In S system:
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The change in velocity of mass 1 is

) /\/1 —v2/c?
vi

Avl :Ulf—vh':—

1 +uv/e2’
The change in velocity of mass 2 is
V1 —v?/c?
AUQ:UQf—UQZ——I—ZU 1—uv/02 .

Note that Avy # Awvg, so to conserver momentum p, total, my # ms.

/1 2/02 +2m2v /1 2/02

—2
(i s L+ uv/c? 1—uv/cz
my 1—|—u’v/c2 B +/1 —u%/c2
my 1 —ulv/c? 1 —u2/c?

So that by factoring and substituting one has

myiy/1 —ul/c? = may/1 — u/c?

So for this to always be true

M,

Jowa ™

as derived for longitudinal case. We can generalize for any elastic collision with
Protar = 0 in S’ to get the same result.

m =

11.2.4 “Internal” Mass

Consider an undeformed (unstrained) particle able to move freely. Let its mass be
denoted by m, when it is at rest.
In frame S’ during a symmetric longitudinal collision

my my
M= V1 —ui/c? \/1—u§/02
1 — v/ 1+ v/
\/1—v2/c2\/1— /02 \/1—v2/c2\/1— )2/ c?
2m,

= = Y Vv 2m,
\/1 — (UI)Q/CZ\/l —v?/c?

At the instant of greatest deformation one might think M = 2m,/4/1 — v?/c?
because at that instant each particle has velocity ¢ in S; but that is incorrect!

M>2m,/\/1 — v%/c? because energy is added in deforming the particles.
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11.2.5 Expressions for Force

We must choose a definition for force.
F = —(mi)

is more useful than F' = mfl—?,
action = reaction.

B m, ‘ dm B d 1 B m,
me= 1—1)2/02’ dt _modt 1 —v2/c? _(1—v2/02)3/202 dt

So

Mo di Mo Sudu

/1 — uz/cza + ( /1 _ uz/cg)?’uc_?E

So force is not parallel to accelleration!
We take components in S and S":

F =

Fy = mi, + muy; F! = m', 4+ m'u),
F, = mu, + mu,: F=m'dd +m'd
v v ys y y y

. . . [ AY <y

F, =mu, + mu,; Fo=m'u, +m'u,

where m/ = dm/'/dt’" and @/, = du! /dt’.

11.2.6 Transformation Equations for Force

because then conservation of momentum implies that

The law of transformation of force is complicated by the fact that F,, F,, and F,

are not three of the four components of a relativistic four vector.
relationships but we defer deriving them (see e.g. Rindler p. 91)

P F,— F-iv/c

“ 1 —wuv/c?

o V1 —v2/e?

Vol —upw/e Y

/1 —v?/c?
F = / F

P~/

77

Here are the

(134)

(135)

(136)



11.2.7 Transformation Equations for Mass

m, = mm = m/1 = (u’)2/c2
T = VI WP =y

L+ uzv/c?
So

B m,l—l—ul,v/c2

Take the derivative with respect to time (d/dt)

dm 1+ uyv/c® dm' di’

, v/ dul dt

dt f1— v/ dt’a—l_m 1— v/ i dt

The inverse Lorentz transformation is

. '+ a'v/c?

V1 —v2/e?

so that

14,/
v

1 —v?/c?
Substituting for dt’/dt one finds
dm dm’  m'v 1 du!
i z 137
dt dt’ + 2 14 uzv/c? dt! (137)

11.3 Work and Kinetic Energy
We define differential work

dW = F - dr
and also define the differential kinetic energy

du

d Finetic = dW = ma-dr_y Eu'dr
Now . .
—u-d_;“:dﬁ-—r:dﬁ.g:ﬁ_dﬁ
dt

So
d Exinetie = mudu + u’dm
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meudu mou®/cEdu meudu

JiowE (fimwge)y  -w/e”

I / moudu m,c? N
kinetic — 3 2 u=0
(1 —u?/e?) / \/1—u2/02

m,c?

Ekinetic - T
V1 —u?/c?

Notice that Fyinetic depends only on the final velocity squared and not on the way in
which it is attained.
Of course for v/e < 1,

— myc? (138)

2 c2

1 u? 1 2
Blinetic — m,c [1 + _L + = 1] = §mv2 [1 + O(v_z)]
c
In an elastic collision

AEjkinetic( 1 ) — AEwkinetic(Q)

from the equality of action and reaction.

11.4 Relations Among Mass, Energy, and Momentum
11.4.1 Conservation of Energy

From the relation dFyinetic = moudu/ (1 — u2/02)3/2, dFE = ¢2dm and thus
AE = AAm

So conservation of mass implies conservation of energy. Association of mass with
energy from AFE = ¢?Am, suppose

m = — and further £ =mc® = ym,c?

—

P = ymev

11.4.2 Conservation of Momentum

With dE = c¢*dm, we have A(K.E.) = ¢? (m — m,). So we postulate F = mc?* and
m = FE/c* for any kind of E and m.

If energy F is being bodily transferred (transported) with velocity u, the
associated momentum is



But there are other ways to transfer energy, e.g. pushing at A and get out a B. so
we have ¢ defined as the density of momentum and S defined as energy flow, with
g= S)/c2 for any mechanism of energy transfer.

Dimensions: [G] = [Fu/c®] = m/T. [g] = m/(L*T; [S] = m/T?] =
Energy/(area * time).

12 Applications and Experimental Tests of
Particle Dynamics

12.1 Mass of High Velocity Electrons

Bucher using f-rays and Hadka using cathode rays confirmed that m = m,/+/1 — 32
(where = v/c). In 1926 Gerlach put in the Handbuch der Physik

1 )
el R I

where V' is the acceleration voltage.

All measurements really determine the ratio m/e; to get the relativistic result,
they must assume e = constant. This results form requiring Maxwell’s equations
to be invariant under Lorentz transformation — Charge Conservation. We will revisit
this issue later.

Ve =m,c [

12.2 Relation Between Force and Acceleration

By our convention the vector force Fis given by

.

The force can be resolved into components parallel to @ and @ = di/dt;

- dﬁ_l_dm_,_ Mo dﬁ_l_d Mo .
_mdt dtu_ /1—u2/c2dt dt 1 — u?/c? Y
U U
> Uy
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- A A 2 2 2
U = Uyl + UyJ; U :ux—l—uy

2 m, du N d m,
r — - | T | Uy
1 —uz/c2 dt— di 1 —u?fe? ]
m du d [ m ]
o= ° "W |0
Y 1 — /e dt + dt 1 — w2 ] ty

Consider an acceleration in the y direction:

du _0
dt
Then
du? _y du,
da
So that
P m, uxuy%
T —w/e)t A dt
g mo  duy ome  uydu
vy = — 32 2 gy
JL—uzfe2 db (1 —u2/e2)Y P e
= o [1 u2/02—|—u2/c2] duy
B (1 u?/cz)?’/2 v dt
m, du,

So the ratio of Fa/Fy is

We conclude that to accelerate in the y direction one must apply both F} and

F, = cgm_ué F,. To accelerate in the 2 direction one must apply F, and F, = 021“55 F,.

Under what conditions would the force F and acceleration @ be in the same
direction? If F, and u, are both zero, then F}, must be

m, du,

(1 — u2/c)'? dt

Y

Thus force and acceleration are parallel (ﬁ | @) in y direction when
perpendicular to the motion (L @) and thus the velocity and acceleration are

perpendicular (@ L @). Then the “transverse mass” is m,/4/1 — v%/c2.
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If F, and v, are both zero:

m, du, m, u_f/%
(1 —u2/e2)*?* ¢t dt

T —wfe) P dt

m, du,

(1 — u2/c2)>? dt

Thus F | @ in y direction || « (@ || @) is longitudinal acceleration. Then the
“longitudinal mass” is m, /(1 — uz/c2)3/2 and we conclude Mransverse<Miongitudinal: 1 he
“longitudinal mass” is bigger because the force must also do work to raise the energy.
(A transverse force does no work.)

Do not be confused. The “true” mass is always m,/1/1 — u?/c?, which is

conserved in a closed system.

12.3 Force Exerted by a Moving Charge ¢ on a charge ¢,

Pick a coordinate system in which one charge is fixed. E. g. e fixed in S’ with e at
the origin of S and e; located at z, y, z at time considered.

Y Yy’
€1
€ !
/ ' / '
—0
-‘_
z S z S’
In frame S, uc, = v, uc, = u.. = 0.
The force on e; in S’ is electrostatic.
o ceq ’
Fl’ T2 2 2 3/21}
(o 4 g2 1 )
ceq
F/ — y/
v (1}/2 _I_ y/2 _I_ 2/2)3/2
o ceq ’
FZ o 2 2 2 3/22
(o 4y 1 )
Now transform to frame S in which e moves.
eeq v
F, = = (1 — v2/c2) {z + = (yuy, + zu.)}
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F, =" (1) (1 = ““’”) y

53 c?
_ee 9, 9 Uy 0
FZ_S—3(1_U/C)<1_02)Z

where s* = 22 + (1 — v?/c*) (y? + 2?).

This result is restricted to constant velocity v of e¢ in x direction. If not
constant, one must use the retarded potential.

Special Example: e fixed at origin, e; constrained to move in y direction.

Y
Uy
iel—b-
Uy =V
Uy =V
(@ X

The force on ey is:

_661 2 2
Fx—S—S(l—v/c)yuy
_ee 9, 9 Uy 0

Fy—S—S(l—v/c)<1— c2)y
F, Uy

2 _ 20
F, c u?

which is just right to produce acceleration in the y direction only!

12.4 Nuclear Reactions

These were the first accurate tests of relations between mass and energy, also
momentum. The experiments of Oliphant, Kinsey, and Rutherford (1933) and
Bainbridge (1933) are cited.

Li"+ H' — Be® — He* + He* + 17 MeV

Li®+ H* > Be® — He' + He' +17 MeV

Solar Energy: Around this time Hans Bethe realized that the primary source
of solar energy is the reaction

4HY — He'* + 30 MeV

Uranium Fission: Han and Sparissman found

U 4+ n! = Fy + Fy + a few neutrons + 200 MeV
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where I} and F, are the fission fragments which are randomly distributed but with
average atomic number around 90 and 140 respectively.
“Monochromatic” Neutrons

Li"+ H" = Be"+n — 1.6 MeV

is a reaction which absorbs energy.

12.5 Light Pressure

Let £ = energy density. Then £/c? is the equivalent mass density of that energy.
L.e. energy density has an effective inertia density. The momentum density is then
Ec/c* = E/c =7 and me = p = the change of momentum per unit area per second if
light is absorbed. Since m¢ = &, then p = £ in absorption.

For reflection p = 2¢.

In a cavity (as in hohlraum) p = £/3.

12.5.1 Mass, Energy, Momentum for Photons
E = hy; m = hv/c*

G=hv/c G=2"¢

12.5.2 Compton Effect

Arthur Compton provided the relativistic treatment of a photon scattering on a free
electron.

Py h(v—Av

mou

electron Pe = 7= N

Conservation of energy yields:

1
hAYV = m,c? [7 — 1]

V1 —v?/c?

Conservation of momentum in x-direction yields the equation:

hv  h(v — Av

myu
= — cosf + 2

T 9 e
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Conservation of momentum in y-direction yields the equation:
hy + Av | B Mol
c /1 —v2/c?

The solution to these equations is:

Al = 2h sin? (g) (140)

mMeC 2

stng

The importance to Quantum Mechanics was not only the direct evidence of
photon scattering but the Compton effect is used to explain the “~-ray microscope”
interpretation of the Uncertainty Principle. The uncertainty in coordinate above is

h
Al’min ~ —
mc

To make it go to zero requires an infinite mass m and photon energy.

12.5.3 Pair Production

An energetic photon may have sufficient energy to convert into an election-positron
(e”e™) pair.

et

— — moﬁl

G Y ey

i >
— = — Moty
Uz & \/1—v2/c?
o=

This process cannot occur in vacuum because it cannot conserve both energy
and momentum. It must occur in the vicinity of a mass which can these by absorbing
some of the F and p.

12.5.4 Positron Annihilation

The reaction e™ + e~ — ~, that is, annihilation of a positron with an electron to a
single energetic photon does not occur. However, the reaction et 4+ e~ — ~ + 7 is
commonly observed.

12.5.5 Zitterbewegung and Antiparticles

To make quantum mechanics and Special Relativity plus causality consistent requires

the existence of an identical (CPT) antiparticle for every particle. Consider the world
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line of an electron described by a Gaussian wave packet. Clearly parts of the packet
are outside the light cone of the central ray (or any other portion). That is parts of
the wave packet have space-like separation and are out of causal contact. However,
the geometrical optics or particle path approach can understand that an electron does
not necessarily travel in a straightline. The electron can have a jittering path which
is bounded by the wave packet and set by the Uncertainty Principle.

Consider the following scenario: By the Uncertainty Principle virtual pairs
consisting of an electron and positron can appear in the vacuum. The original electron
can annihilate with the positron and if it has just the right energy (off the mass shell
p-tildep # (m,c*)?) then the annihilation photons have zero energy and do not appear
while the other member of the pair, the new electron continues along a parallel path
to the original electron. This description conserves energy and momentum but leaves
the electron path displaced by an amount set by the scale allowed by the Uncertainty
Principle Az = he/m.c* or the Compton wavelength of the electron.

This scenario can be made consistent with causality in Special Relativity
provided that the antiparticle behaves exactly like the particle going backwards in
time. One can draw a world line for the electron that explains it geometric jittery
path or its finite non-locality.

12.6 Some Practical Examples of the Use of Invariants

In this section we show some practical examples of how to use invariants as derived
either laboriously or through the use of 4-vectors of Minkowski space. This will
motivate the next section in which we will learn the properties of vectors and tensors
in 34+1-D space.

12.6.1 Mass, 3, v

First consider the relation between mass, energy, and three momentum or equivalently
the norm of the 4-momentum

(mocz)2 = [* —p*c? (141)

Conservation of energy and momentum (4-momentum) for a collection of particles in
a given frame leads to the invariant for the total mass M.

(M) = (Z EZ»)Q . (Zi:pic)Q (142)

where M is the center-of-mass equivalent mass.

— ﬁ — pCM
=L = 143
s I Bom Fonr (143)
1 E E
Y= =2 =2 (144)



12.6.2 Energy, momentum, and velocity of one particle in rest frame of
another

The energy momentum, and velocity of one particle in rest frame of another can be
calculated readily by making use of the concept of invariants. If one is given the
4-momenta of two particles in any frame the energy of particle two from the rest
frame of particle one Fy; can be found by a simple relationship. Let p; and py are the
momentum four vectors of particles one and two. The dot or inner product between
the two 4-vectors is defined as

}51 '}52 = E1Ez/02 —}71 '}71

where p; and p; are the relativistic 3-momenta of particles one and two respectively.
We can derive the relationship using the principle that this dot product should be
invariant to frame of reference. Thus

Pi P2 =Py Dy

Take the system S’ to be the frame in which particle one is at rest. Then p| =
(m1¢,0,0,0), where m4 is the rest mass of particle one and thus

p1op2 = }5/1 ‘}5/2 = mi by
Dividing through by my gives the relationship

P1 P2
my

E21 =

(145)

Once we have the energy Fy; of particle two in the rest frame of particle one, it
is easy to find its three-momentum amplitude making use of the relationship between
mass, energy, and three-momentum amplitude.

E221 = |}7210|2 + (m202)2 - |p2lc|2 = E221 - (m202)2

where mg is the rest mass of particle two.

2 (]51 '}52)2 (m20)2 (]51 '}52)2 — mfm%c“
2l = ey = — (146)
(m10) c mic

And for the relative velocity we have

52— P> (pr-p2)’ — miImict 1_ mimye’ 1_ (m202)2 (147)
21 E221 (]51 ,]52)2 (}51 .}52)2 Fa

12.6.3 Energy, momentum, and velocity of a particle in the center of
momentum frame

Use the same formulae as above but for particle one use the center-of-momentum
particle (fictional) as particle one.
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5 Four Vectors

A natural extension of the Minkowski geometrical interpretation of Special Relativity
is the concept of four dimensional vectors. One could also arrive at the concept by
looking at the transformation properties of vectors and noticing they do not transtform
as vectors unless another component is added. We define a four-dimensional vector
(or four-vector for short) as a collection of four components that transforms according
to the Lorentz transformation. The vector magnitude is invariant under the Lorentz
transform.

5.1 Coordinate Transformations in 3+1-D Space

One can consider coordinate transformations many ways: If x1, zq, 23,24 = 2, ¥, 2, 2ct,
then ordinary rotations (in 1 — 2 plane around x3)

x] = xyc0s8 + xosinb ( cost sm@)

zh, = —xysinb + xocosh —sinf  cosf
But in 1 — x4 plane:

r] = 1008 + T48INQ ( cosQ Sina)

T = —x18tna + rycosa —8INQ  CoSK

where the angle « is defined by

cosa = 1/4/1 —v?/c?2 = 1/V1 + tan?a = v

v/e B
\/1 —v2/c? V14 lan’a

tana = iv/ec = 1f3.

tano

sino =1

And thus one has the trignometic identity:

cos’a + sina = 72 (1 — ﬂz) =1

vy =y + (ict)(iB)] = v [a1 — Bet]
vy = [ra — iBai]
ict' =~ ict — ifxq]
ot = [et — ]
t'=[t — Bai/d

So the extension to 3+1-D includes Lorentz transformations, if angles are
imaginary.
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Really, we are considering the set of all 4 x 4 orthogonal transformations
matrices in which one angle may be pure imaginary.

In general all angles may be complex, combining real rotations in 2-space with
imaginary rotations relative to t.

An alternate way of writing this is

2’ = zcoshe — ctsinho

ct' = —xsinh¢ + ctcoshe

where ¢ = cosh™'7.
v’ = zcos(ig) + ictsin(id)

ict' = —xsin(id) + ictcos(i¢)

and
a =i¢ =icosh™ 'y, tana =1 = 1wv/c

Still another notation is (with x4 = éct)
o = (o1 + iBas)

vy =7 (24 — ifry)

The transformation matrix is then

v 0 0 By
0O 1.0 0
0 01 0
—ify 0 0

Still yet another notation is with z¢ = ¢t
2o =7 (xo — ifBz1)

xy = (21 4 ifxo)

The transformation matrix is then

0 1 2 3
0/~ —=pv 0 0
Ly =By v 00
21 0 0 1 0
3\ 0 0 0 1
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5.1.1 Generalized Lorentz Transformation

For spatial coordinates the Lorentz transform fits the linear form

(") =D Aba? (148)
subject to the condition that the proper length

(cdr)? = —(ds)? = Y () = 3 = (ct)? — | (149)

I

is an invariant. This condition requires that the coefficients A form an orthogonal
matrix:

STAEAL = 8

ZAjAS = Ou

ZAjA; = o, (150)
where the Kronecker delta is defined by 6,, = 0, = (5Z = 1 when g = v and 0
otherwise.

The invariance group can be enlarged to be the Poincare! group by the addition
of translations:

4
(x") = Z Ata? + a* (151)

v=1

The full group includes: translations, 3-D space rotations, and the Lorentz boosts.

5.2 The Inner Product of 3+1-D Vectors
The definition of the inner product (dot product) must be modified in 3+1 dimensions.
A B =A1Bi + Ay By + AsBs + AyBy
if x4 = ¢ct. But with our usual convention
A+ B = AogBy — A1 By — A3 By — A3 Bs
or with the opposite signature metric one has
A-B=—AgBy+ A1 By + Ay By + A3 Bs
A-B=A By + A;yBy + A3 By — AyBy

if 4 = ¢t which is often the convention for the opposite sign convention. It is an
exercise to show that the inner product is unchanged under a Lorentz transformation.
Can be done simply by substitution. This can be extended to the general class of
Lorentz transformations.
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5.3 Four Velocity

So we have the position 4-vector & = (xg,x1, 22, x3) and the displacement 4-vector
dr = (dxg,dxy, drg,drs). What other 4-vectors are there? That is what other 4-
vectors are natural to construct? What we mean by a four-vector is a four-dimensional
quantity that transforms from one inertial frame to another by the Lorentz transform
which will then leave its length (norm) invariant.

Consider generalizing the 3-vector velocity (vy, vy, v.) = (da/dt,dy/dt,dz/dt)
what can we do to make this into a 4-vector naturally? One clear problem is that we
are dividing by a component dt of a vector so that the ratio is clearly going to Lorentz
transform in a complicated way. We need to take the derivative with respect to a
quantity that will be the same in all reference frames, e.g. d7 the differential of the
proper time, and add a fourth component to make the 4-vector. It is clear that the
derivative of the 4-vector position (ct,x,y, z) with respect to the proper time 7 will
be a 4-vector for Lorentz transformations since (¢t, x,y, z) transform properly and dr
is an invariant. So we can define the 4-velocity as

dn L (dtde dy d
dr’ = dr’dr’dr’dr

(152)

Uy
Note that

d2 d2 d2
Adr? = Adt* — da? — dy? — d2* = di? (02__:1; Y __y)

= dt* (02 —v? - vi — v?) = dt* (02 — v2)
or the time dilation formula we got before

dr dt B 1

=41 —v?/c? and —=-—F—m  —=1
dr /1 — 02/

o=
So we can now explicitly write out the 4-velocity using the chain derivative rule:

B dr, B dr, dt

UUey =

dr  dt dr

u = (uov Uy, U2, U3) = (707 VVz, YUy, ’VUZ) =7 (C, Uzy Uy, vz)
Thus three components of the 4-velocity are the three components of the 3-vector
velocity times ~.
Note also that the norm - the magnitude or vector invariant length - of the
four-velocity is not only unchanged but it is the same for all physical objects (matter
plus energy). For 3+1 dimensions the norm or magnitude is found from the inner

product or dot product which has the same signature as the metric (see just above)
so that

21—1)2/02 )

< _ 2 2 o9 o _afa2 92 2 2\ _
U-U=ug—uy —uy—u3 =7 (c —vi—v vz)—c 5 = ¢
1 —v?/c



Thus every physical thing, including light, moves with a 4-velocity magnitude of ¢
and the only thing that Lorentz transformations do is change the direction of motion.
A particle at rest is moving down its time axis at speed ¢. When it is boosted to a
fixed velocity, it still travels through space-time at speed ¢ but more slowly down the
time axis as it is also moving in the spatial directions.

One should also note that as the spatial speed (three-velocity) approaches ¢,
all components of the 4-velocity u,, are unbounded as v — oo. One cannot then define
a Lorentz transformation that moves to the rest frame. Thus all massless particles
will have no rest frame.

5.83.1 Law of Transformation of a 4-Vector

We can write the transformation in our standard algebraic Lorentz notation

Ay=7 (A= fAr) v =1/y1-p

v
Ay =7 (A1 = BA) ==

where 3 and 7 refer to the relative velocity V' of the frames.

5.3.2 Law of Transformation of a 4-Velocity

uy =7 (ur — Buo)
where # and ~ are for the relative velocity of the frames and not of the particle. But
in the formula for the 4-velocity

u = (u07u17u27u3) = (707 ’VUxa’Vvya’sz) =7 (C, vl’vvyvvz)

The ~ is for the particle! So we should have labeled it v, and the 3 and ~ for the
frame transform 3y and ;. Then we have

Yo = V5 (Ve — BYpc)

So we can get out a formula for v/,

JI— B
v/_’}/f’}/p(l’_v) (UQU—V)

oy T =B i- 5

This is our old friend on the law of transformation of /1 — u?/c?

— VL= ()22 1 —v2/e
L-ufe = L+ ulV/e?
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and

Es \/1—u2/c \/1 V2/e?

L+ wu,V/e?
which is simply
I 1
Yo W (L—uV/e?)
So
, vy — V
v, = ———
Tl —wu,V/e?

as derived earlier by the differential route.
Continuing onward

=y or A=,
so that N
r_ p
Uy = 7—]/)1)1/
Y _ 1
v v (1 —uV/e?)
and

o 1 —=V2/e?

ool —wu,V/e? v

which is the same relationship as before from the differential Lorentz transform.
Similarly for v/ and vj:

Uy = 7 (o — PByus)
Explicitly this is

e =5 (e = pusV/e) = pse (1= w,V/e?)
So
7= (1 —wV/e)

which is our relation from the transformation of 4’s and its reciprocal used above.

5.4 Four Momentum

What is the natural extension of the 3-vector momentum to 4-momentum. The answer
is clear from dimensional /transform analysis and from our experimental approach on
how masses transformed. The 4-momentum is simply:

Pa = Myly; }5 = (p07p17p27p3) = M, (C, vmvy?vz) (153)
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The three spatial components are just the Newtonian 3-momentum with the mass of
the particle replaced by ym,.

We can see that the 4-momentum also has an invariant norm by making use
of our results for the 4-velocity:

pp=py—pi—ps—pi=EF —pP =mli-t=mlc

Thus the invariant length of the 4-momentum vector is just the rest mass of the
particle times c.

5.5 The Acceleration Four-Vector

In a similar way one may derive the acceleration four-vector. Again we differentiate
with respect to the proper time 7.

_du,

o = dr

The four-vector acceleration will have a part parallel to the acceleration three-vector
and a part parallel to the velocity three-vector.

Exercise: Prove that the inner product of the 4-acceleration and the 4-velocity are
zero; & - 4 = 0 as they must be if the norm of the four-velocity is to remain constant

(154)

c.
We have also constructed the 4-acceleration to be a 4-vector so that a-a is an
invariant. Evaluate it in the rest frame a-a = |al?
T 2
a-a = |arest frame|

in any frame. This can be very useful in various calculations and we will use it later
to treat radiation from and accelerating charged particle.
Acceleration 4-vector transforms by the relations:

ag =7y (a0 = Brar),  ay = az,

ay =5 (a1 = Prao),  ah = as,
This is the best starting place from which to derive the detailed Lorentz
transformation equations for acceleration.

5.6 The Four Vector Force
We now consider the four-vector force, which we define the following way:
F=-=L (155)

podp _dpdt _ dp
=dr  dtdr  dt



FE (F07F17F27F3) ZV(W/CvFNlaFN%FNS) HV(ﬁN‘g,FNl,FNQ,FNg) (156)

where ﬁN is the three-dimensional Newtonian force, e.g. ﬁN = (Fn1, Fin2, Fys)

Note that the four force can be space-like, time-like and null. If a frame can
be found where the three-force on an object is zero but the object is exchanging
internal energy with the environment, then the four-force is time-like. The converse
is space-like. .

Then the 4-vector force I’ has the same transformation law as all 4-vectors:

Fy= s (Fo— B¢ Fy)

F =, (B — B¢ Fy)
So we can now conveniently transform any of the familiar vectors used in mechanics,
but not electric and magnetic fields, and pseudovectors obtained from cross-products,
such as angular momentum and angular velocity. We will treat these later.
The 4-vector force transforms are much easier than the 3-D fource transforms

which involve a 4. See the homework problem for the transformaiton of acceleration
to grasp how much more complicated it is.

5.7 4-D Potential

It is convenient to do physics in terms of potential and find the resulting force as the
derivative, e.g. the gradient, of the potential. Classical physics examples are:

Fa = —miCI)G Newtonian Gravitation
g = —¢Vog Electrostatics (157)

Once we have a 4-D potential, then we need to learn how to take derivatives in 4-D
spaces.

One approach is to make the simplest possible frame-independent (scalar)
estimate of the interaction of two particles. This manner of thinking eventually leads
one to the interaction Lagrangian as a the product of the two currents (electrical,
matter, strong, weak, gravitational).

L=aj - (158)

where « is the coupling constant and the next term is the inner (4-D dot) product of
the current of particle 1 and the current of particle 2. When the two currents are in
contact (zero proper distance separation), there is an interaction. When they are not
in proper distance contact, there is no interaction. This means that all interaction
is on the proper distance null (the light cone). Thus there is no action at a proper
distance. It is manifestly invariant as the inner product of two 4-D vectors.
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From this Lagrangian we can generate the 4-D potential of the effect of all
other currents (or a single current) 72 on our test particle which has current j;.

////Oéf (s32)72(F2)dVadls —////af (t1 —t2)? —riy)jdVdt (159)

where si, = |71 — @2|? = *(t1 — ¢2)* — ri, is the invariant separation between I,
and 73 dV is the 3-D spatial volume and dt is the time. f(s},) is a function which is
zero every where but peaks when the square of the 4-vector distance s%, between the
source (2) and the point of interest (1) is very small. The integral over f(s%,) is also
normalized to unity. The Dirac delta function is the limiting case for f(s%,). Thus
f(s1,) is finite only for

81y = () — t3)* — 1]y = £ (160)

Rearranging and taking the square root

S T S / ¢? ¢
tl — tg 7“12 4+ €2 ~ 12 1+ % ~ T12(1 + W) (161)

12

So

2 62

ti —ty) ~ — =+
(1 2) c 2¢ry9

(162)

which says that the only times ¢, that are important in the integral of A are those
which differ from the time ¢;, for which one is calculating the 4-potential, by the
delay ri2/c ! — with negligible correction as long as r13 > ¢. Thus the Bopp theory
approaches the Maxwell theory as long as one is far away from any particular charge.

By performing the integral over time one can find the approximate 3-D volume
integral by noting that f(si,) has a finite value only for At, = 2 x €?/2ry3¢, centered
at t; — rya/c. Assume that f(s}, =0) = K, then

<o ~ Ké [ j(t—rya/e T
A() = /J(tz,xz)f(s;)dvgdtz ~ = /]( 12/ 2)dv2 (163)

12

which is exactly the 3-D version, if we pick K so that K¢? = 1.

5.8 Derivative in 4-Space

The 3-D vector gradient operator is DEL:

- Jd d 0
=(—, —, — 164
(8:11;7 oy’ 82) (164)
which behaves as a 3-D vector.
This can be generalized to 4-D:

Jg d d 0
i 165
(81’0781’1781’2781'3) ( )
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How does it transform?
Jg d d 0 )
ozl Oz ozl Oz

Operate first on a scalar function ¢(xq, 1, €2, x3)

0 = (

8q§(:1:0,:1;1,:1;2,:1;3) _ a¢ ax# _ a¢
Ox!) _ZM:@:L'M Ox!) _ZM:@:L'MRW

where R,, is the rotation matrix/tensor defined by
o= ) awr,
x, = Z(a_l)wl’/u

I

A=t = a' (T means transpose), if a is orthogonal.

so that

and O is a Lorentz 4-vector.

5.9 Operate with O

Operate with O on a Lorentz 4-vector, to get the dot (inner) product:

M. 8ct+8x+8y+82
r = R N — N
dct ~ dx  Jdy 0z

= 1+14+1+4+1=4=invariant

Now operate on velocity 4-vector u:

Ove  Oyv, 87vy+8’yvz

Jct dx dy 0z
0 1 0 v 0 v 0

O.-u =

Uz

v ]

This equation is an expression related to continuity.
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5.9.1 Hydrodynamics

Conservation of fluid matter is expressed by the equation:

dp

S TV () =0 (174)

If one integrates this equation over a fixed volume containing mass M
/ pdxdydz —I—/ (pv)dadydz = M (175)

The first term is the mass contained in the volume and the second part is the
divergence theorem and yields:

oM
+ v-ndS =0 176
at sur face P ( )
% = - outward transport of mass and equals the inward transport of mass.

Since our expression for O - 4 is

E&ﬂ—59+ 'Qﬂ—52

the role of density is played by v = 1//1 — 2.

O0-d= ) (177)

5.10 The Metric Tensor

Now before moving to make electromagnetism consistent with our relativistic
mechanics, we need to generalize the concepts of the distance, vectors, vector algebra
and tensors as they work in 341 D space.

The metric tensor defines the measurement properties of space-time. (Metric
means measure — Greek: metron = a measure.)

Cartesian — flat space

2 = Zgijdxidxj (178)

]

by definition ¢;; = ¢;; since the measure must be symmetric under interchange of
coordinate multiplication order.
In the general case: Cartesian — flat space

(ds)? Zg”d:p dx’ = scalar invariant (179)

7]

(Note the superscripts. Section of covariant and contravariant vectors explains this.)
If g;; is diagonal, the coordinates are orthogonal.
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Physical interpretation: ¢; = h?, where h; is defined by the components of the
vector line element, ds; = h;dx;. An example of this is spherical polar coordinates:

ds® = dr® + r?df? + r23in20d¢2 (180)
1 0 0
9i; = 0 T2 0 (181)
0 0 r2sin?d

For the 3 4+ 1 dimension Minkowski space-time

ds® = d(ct)? = d(ct)? — da* — dy* — dz* (182)
1 0 0 0
0 -1 0 0

oy = Mop = 0 0 1 0 (183)

o 0 0 -1

In general the symbol 7,, is used to denote the Minkowski metric. Usually it
is displayed in rectangular coordinates (ct,x,y,z) or (xg, 1,2, x3) but could be
expressed in spherical (ct,r, 0, ¢) or cylindrical (ct,r, 0, z) equally well.

The off-diagonal ¢;; = ,/hihj(ci)si . cfsj) for © # j. An example is skew

coordinates in two dimensions.

By the law of cosines

ds®> = d:z;% + d:z;% + 2dxydrycosd
= gndl'% + gzzdl’% + gr2dx1day + gndride, (184)

dSl = dl’l, d82 = dl’g
gu=hi=1 gnhi=1

912 = g1 =/ hihycos¢ = cosd (186)

gij = [coiqﬁ COfﬂ (187)

(185)
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5.11 Contra & Covariant Vectors

First we consider a simple example to illustrate the significance of contravariant and
covariant vectors. Consider two non-parallel unit vectors a; and a, in a plane with
ay - Gy = cost) # 1.

(€ 20)

A displacement from O to P can be represented by a vector, S. Its components
in the directions of é@; and @y can be denoted S' and S?:

S = Sy + S, (188)

Another set of basis vectors @' and @*, respectively, may be defined, being
perpendicular to @; and Gy and having lengths found the following way: Let a3 be a
unit vector normal to the plane, proportional to a;xdaz. Then

-1 &2 X&g él

it = _ (189)

&1 X&Q . &3 sinf

A ></\ /\2
=2 C (190)

&1 X&Q . &3 sinf

We denote the triple scalar product by [ ],,s-
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@S,

The displacement vector, S may also be expressed by its components 57 and

Sy as follows:

§ - Slc_il —|— 5262.

(191)

The relations among S, S%, S1, and Sy may be found by elementary geometry:

They are:
v; = vl 4+ v2cos

vy = vicosh + v?

v! = (v — vycosh)/sin’0
2

v? = (—vicos0 + vy)/sin*0.
Using the original pair of unit vectors,
S? = (S 4 (S%) +2(8M)(S5?)cost
= ZZ: 9: 5"
ij=1

with the metric tensor

.,_[ 1 0050]
Jii = | cosb 1

Defined to be symmetric.
The tensor ¢ is defined by

2
> 9"k = .
=1
It is easy to find that

g1 [ 1 —cosf

T gin20 | —cosl 1
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From this relation one finds that

J

and ' N
SZ = ngsj.
J

The components S* are contravariant and the components S; are covariant.
The square of the length of S is (as given above)

(201)

|S|2 = ZgijSlS] = Zg”SZ'S]‘, (202)
Y]

but is given more compactly by

S* =388 (203)
J
Other relations of interest are:
g = Signed Minor of g;;  Cofactor of g; (204)
Det g;; g

For this example Det ¢;; = — sin?0; the cofactor of ¢;; is (—1)*g,;; =
p Yij g ; 9ij g;
(—1)"*7g;; because g;; and g are symmetric.

Returning to the original sets of basis vectors
_ &2 X&g &2 X&g
' = —————— = (205)
ayxay-as [ Jpps

and others by cycling indices, by substitution one has:

. a’xa® a’xa®
= &1><&2 . &3 = [ ]123 (206)
123 1 1
- 207
) [ Jips  sind (207)
Also one has | |
Det(g") = = . 208
et(g") Det(gi;)  sin?6 (208)
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5.12 Electric Charge

We now consider the implications for electric charge. We define electric charge density
as the charge per volume, p. We have a law of conservation of charge: Charge cannot
be created or destroyed. Thus

dp = o
LAV (1) =0, (209)

So the charge-current density Lorentz 4-vector
j = /3 = (pC, pvl’vpvyvpvz) = (j07j17j27j3) (210)

(where p = vpo) and )
0 =0 (211)

is the equation for the conservation of charge. j is the 4-vector charge current.
Now consider the vector and scalar potentials of the electromagnetic fields.

B = VxA where A):l///]dv
c

7

B v - %aa—zj where & = /// P ;ZV (212)

=
Il

The Lorentz 4-vector potential is

~ 1
A = (q)7Ax7Ay7AZ) = (AO7A17A27A3) Where AM = l///] dv (213)
C

7

Then the inner product gives

O-A = 0,A"

9® N 0A, N d0A, N J0A,
dct Oz dy 0z
100 -

_ 1o® A 214
cat+v 0 (214)

This is the equation of Lorentz gauge invariance.

5.12.1 Box on A is a four vector

It is clear that j = pot is a four vector since & was constructed to be one and we
constructed j as a scalar (rest frame charge density) times that four vector. However,
[ merely asserted that A was a four vector. That is true only if dV/r is invariant
under Lorentz transforms. We have this as an exercise for the student to show
that is true. The following are hints: Show that dV’ = (1 + fcosf)~ydV and that
r" = rvy (1 4 feosd) and thus dV'/r" = dV/r.
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5.13 Lorentz Force Law

The 3-D vector form of the force law is
F=q(E+0xB) (215)

We need to write this in 4-D vector form to show that it is Lorentz invariant. The
relativistic force lay must involve the particle velocity and the simplest form is linear
in the 4-D velocity. The 4-D vector form then would be
F=2r.a  F=%p (216)
c c

To obtain the 4-D expression for the electromagnetic fields we need second
rank tensors, i.e. F),.

Since we want the force I}, to be rest-mass preserving, we have the requirement
that F,u* = 0 and thus F,,u*u” = 0. Since this must hold for all w*, the F,, must
be antisymmetric.

A cartesian flat-space second rank tensor has components C;;. The tensor is
the sum of a symmetric tensor S;; and an antisymmetric tensor A;;:

1 1
Cij = (04 + i) + 5(Cy = Cii)
= Sij+ Ay (217)

Sij = Sjiy Ay = —Aj; (218)

The property of being symmetric or of being antisymmetric is preserved under
orthogonal transformations.
Now construct the antisymmetric tensor in a generalized curl

Fm/ - DMAV - DUAM = aMAu - aUAM = Al«u - AMJ' (219)
Note that
Foo = Fiy = Fyy = 33 =10
0As 0A; R
Py = 222 S22 (V% A), = B,
23 81'2 81}3 ( X )

Similarly, F31 == By7 F10 = BZ

C9Ay 0A 0D 0A,
Moo= g = o T o oa - e

and similarly Iy = —F, and I3y = —FE,. So the full tensor is

0 £k E, E
~E, 0 -B, B,
~E, B. 0 -B,
~E, -B, B, 0

F, = (220)
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F,, is the electromagnetic field tensor.
The contravariant form of the electromagnetic field tensor is

0 -E, -E, —FE.
E, 0 -B. B,

wo_
= E, B, 0 -8B, (221)
E. -B, B, 0
One can raise and lower indices by use of the metric tensor.
Fu = ZZQWFWSQ&/ (222)
v s
In 3-D Maxwell’s equations are:
. . 10E g7
VXB——— = p—=*%=
8 c Ot P ¢
V-E = p
- o 198
VxE+-— =0
T
V-B =0 (223)
Now we take the 4-D divergence of the electromagnetic field tensor
0. F=j/e (224)

which reduces to the first two Maxwell equations. The continuity equation is simply
Ji=0. (225)

Since there were actually two possible ways to unify the electric and magnetic
fields into a single entity, we now define the dual electromagnetic field tensor:

0 B B, B
-B, 0 —E, B,
-B, E. 0 -E,
~B. —-E, E, 0

G = (226)

The second set of Maxwell’s equations can be simply written as

OGH
> proadll (227)

14

Or, if one does not wish to resort to the dual electromagnetic field tensor, then the
second set of Maxwell’s equations can be simply written as

DF 4 O L P =0 (228)

a generalized curl.
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5.14 Transformation of the EM Fields

One can derive the transformation of the electromagnetic field by using the Lorentz
force law F = q(ﬁ—l— Vxé) as a definition of the E and B (and by the transformation
of second rank tensors as shown below.) To derive the E and B requires using three
reference frames in order to see how both transform.

Do use the Lorentz force law we need a test electron or charge to probe the
force and thus how the fields must transform. We consider the field acting on an
electron located at the origin of three reference frames in relative motion.

F,E, B, FE, B FE. B
S, S S’

- ) <— ¢ relative to S,
~<— V relative td S’ Y relative 1o

<— ¢ relative to $,

— —_— e »
> Electron velocity ¢ in S .
Electron at rest in S, Electron velocity « in S’

The electron is at rest relative to reference frame S,, moving with velocity ©
with respect to reference frame S, and moving with velocity @ with respect to reference
frame S’. We arrange the coordinate systems so that the velocities all lie along the
x axes. Thus the relative velocity V of the frames S and S’ is given by the velocity
addition formula as

_ u—+v
14+ uv [ c?
We can write simple expression for the Lorentz force components in frames S,
S’, and S,, respectively:
S S So
F,=c¢l, Fl =el! F,,=cl,,
F,=¢F,—vB,) F,= e(E; —uBl) F,,=ek,,
F.=e(FE.+vB,) F =elE + uB;) F.=c¢ck,.
Note that in S, the electron is not moving so that the magnetic field does not produce

a force.
The equations for the transformation of force (for u/, = 0) give

Fx:Foac F;:Foac
Fy=F,n\/1=v?[c2 I =F, \/1—u?/c?
Fy=Fo /1 =02/ Fl=F,.\/1 —u?/c?

Ex - anc Eg/g - anc

1 —v?/c? B, —uB. = E,,/1 —u?/c?
E.+vB,=FE, /1 —v?/c? E;—uB;:E()Z\/l—u?/c2
1

&

Then we have



We can see at once that £, = . From the velocity addition law we have

v ufe+V/e

c 1+ (u/c)(V/e)

and thus
1 B 1422
\/m_ \/1—u2/02\/1—V2/02
Thus
E,—vB, 5 E, —uB]
V1 —0v?/c? " 1 —u?/c?
so that
u+V 1+ub By —uB!
l Y l+uv/e Z] : [\/1—u2/02\/1—v2/02 B \/m

If these equations are to hold true for all values of u, then since the terms which
contain v must be equal and those that do not must also be equal:

E,—VB,
1—=V2/e?
V/ie)E, + B,
1—=V2/e?
Similarly by equating the expression for F,. one finds
E.+VB,
1—=V2/e?
B - (V/e)E, + By
— Ve
This gives the transformation law for 5 of the six components of the
electromagnetic field. We are missing B, since we started with a stationary electron
in frame S,. This can be found by considering an electron moving at right angles to
B, and recalling that the force is unchanged in the  direction. Thus B, = B,..

Now do the derivation of field transformation from the transformation of a
second rank tensor and apply that to F),,.

E =

Y

:

~~

B! =

z

:

E =

z

:

[u—y

F;/w = Z Z auaauéFaé (229)
a s
applied to either the electromagnetic field tensor F or its dual gives
Ey,=~(E,—pB.) B, =7(B,+jE.) (230)

E.=~(E.+B8B,) B.=~(B.—-BE,)
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5.15 The Equations of Motion for a Charge Particle
The 3-D Lorentz force law

Y v B) (231)
C

We can turn this into 4-D vector equation by first replacing dt = vdr and 3-vector
velocity ¢ by the 4-vector velocity .

F, = d—: = qF,u” (232)

5.16 The Energy-Momentum Tensor

First a brief review to provide motivation for the study and understanding of tensors:
(1) Electromagnetism described by a tensor field (4 by 4)
(2) Gravity represented by a tensor field (4 by 4)
(3) elastic phenomena in continuous media mechanics (classical 3 x 3)
(4) metric tensor for generalized coordinates
First we found a 4-vector equation of motion for a single particle:

dp® - dp dp”

= F"° =F —— =F" 233
dr dr dr (233)
Next we found the equation of motion for a single particle in an electromagnetic field
as:
dp® du®  xof
— - - F 234
dr ~ "dr " (234)

Later we will find that the equation of motion for a single particle in a weak gravitation

field is p p |
p u o
d—: = myg d: = §/<;ha57umou u’ (235)

The last equation the second rank tensor h,g is obvious but there is another simple
second rank tensor there myu®u”. This is an important tensor. The next paragraph
supplies a little more motivation to study this important and one of the simplest that
one could think to form.

In classical mechanics one has the concept that the integral of the force times
distance is the work done (energy gained) and that the gradient of the potential is
the force.

W:AE:/ﬁ-df F=-vv (236)

All this points to the need to develop the same concept in 4-D.

dj
AE = /F d:z;_/ P gz = dt dp_/ﬁ-dﬁ (237)
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From the last part of the equality one finds that the integral to get the “4-potential”
will involve p®u”. The tensor p®u” is labeled the energy-momentum tensor. We can
write out explicitly the tensor for a particle.

T°F = p*u® = mouu
5% ah o
RGO AR T i (28)
B. BeB. BB Bl

since (u”) = ye(1, By, By, B2).

The quantity, v*m,c* = vE, seems a bit strange but not so when we consider
a collection of particles or a continuum in density of material, p. p = ¥?p, since one
factor of 4 comes from the mass increase and another factor of v comes from the
volume contraction due to length contraction along the direction of motion.

; g ﬁﬁ% ﬁ%
B BB B BB (239)
5. B3 B B

and now we see that the energy-momentum tensor components are the transport of

Tozﬁ _ p02

energy-momentum-component in a-direction into the J-direction.
Consider an interesting case: a large ensemble of non-interacting (elastic
scattering only) particles — an ideal gas. For an ideal gas, < ; >= 0 and < f3;4; >= 0,

for i # j, and < v? >=< vz >=< v? >, so that the energy-momentum tensor is
diagonal
pc? 0 0 0 e 0 0 O
o 10 p<i> |0 P
CZ—‘ideal gas 0 p < U; > 10 P (240)
0 p< o> 0 P

where ¢ is the full energy density due to the mass density, and P = p < v; >? which
is easily derived for an ideal gas (PV = nkT = nm < v} >).

We can write a simple formula for the energy-momentum tensor for a perfect
fluid in a general reference frame in which the fluid moves with 4-D velocity u* as

e (Po + p/c2) utu” — pg"” (241)

which reduces to the equation above in its rest frame.
We want the full generalized relation between the energy-momentum tensor,
T8, and the 4-force to be:

F=0.T (242)
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ar
ft= Z 52 = Z =T (243)

14 14

where the last term represents the repeated indices summation convention. One uses
index indicates partial derivative with respect to Zingex and repeated index to indicate
summation on that index to make the equations easier to write and view.

5.17 The Stress Tensor

Now we can consider the case of a medium or field that can have non-zero off-diagonal
components. First it is good to review the concept of stress. Stress is defined as force
per unit area, (same a pressure which is a particularly simple stress),

Imagine a distorted elastic solid or a viscous fluid such as molasses in motion.
Imagine a surface (conceptual/mathematical) in the medium (The surface can and
will be curved or distorted.) with a plus and a minus side and unit normal vector for
every point on it. A differential area element dA, with normal 7 will exert forces on
each of its sides. The forces are equal and opposite by Newton’s second law, since
the mass of the element is zero. ﬁtotal =mad =0, so ﬁ+ on—+F_ont =0

The force per unit area on the small element of the surface is the stress. It is
a vector, not necessarily known. It underlies the dynamics of continuous media.

Consider a small piece of material at the surface

dz !_1741
|

v Py = Tydyd=
T
A "
n3

We define stress which stretches as positive and stress which compresses as
negative.

Clearly each of the three axes has a vector force associated with it so that we
have a second rank tensor field associated with the stress. We define the stress tensor,
E:; = Ti;);. Normal Stress is when the vector T(;) is co-directional with the normal

iﬁ(i).

It E;; = Cd;;, C is the hydrostatic pressure, if C' > 0.

Simple Tension Consider E;; = Ch;ny, then T; = E)Z'j -n; = Cyng - ny = Cn;
t_l[lus is co-directional with +n;,. If m; has directional orthogonal to n;, then
Ty = Chgng -1y = 0.

If C' is negative (C' < 0), the stress is simple compression.

Shearing Stress is specified by E}j = C(nmj + njm;)
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We will see by example the following generalization: A simple tension
in one direction and a single compression along an orthogonal direction
is equivalent to a shearing stress along along shearing stress along the
direction bisecting the angle between the two directions.

In anticipation of later integration to 4-D we can call the stress tensor
E;; = T,; = Force per area on the surface along the ¢-axis along the surface with
normal in the j-direction by the material on the side with smaller a;. Since action
must equal reaction —T;; = force by material on the side of larger ;.

Now return to our infinitesimal cube of the medium, with sides lined up along
the cartesian coordinate planes:

y
/| I
dy| |
L_ |4
7 Ay
dx
X x + dx
- X

The force on the back face is
Fo(z) = +T(x)dydz = Ty (2)dydz (244)

The force on the front face: F) is exerted on it toward inside in the z-direction is

aTl’l’
ox

Fo(x +de) = =T,(x + da)dydz = — (Tm(x) + d:z;) dydz (245)

The net force on the cube is F}, is exerted on it toward inside in the z-direction is

F, = —ade:chydz (246)
dx

It T, > 0, inside pushes on the outside, pressure: compressive stress. If
T, < 0, inside pulls on the outside, tension: tensile stress.
T,, and T, are shear stresses.

111



I
I
I I
L |-
/ dz
dx
X x 4+ dx
> X

Z

Similarly to the treatment above the net force in the y-direction, Fj, on the
front and back face is

T
F,= —aaxydxdydz (247)

and T
o =— afd:z;dydz (248)

Thus the total F, on the material inside is

0T, N Ty n T,

Oz Oz Oz
3 6T2]

o= - ; o dv (249)

F, total = — ( ) dxdydz

Now consider F} on the two faces perpendicular to x and F), on the two faces
perpendicular to y as exerted from the outside.

Py = —T,dA,.
—_—

Fy = —I'Tyachyz l T Fy = _TywdAyZ
———

F,=+4T,,dA,.

The sign changes because from the surface the force is toward the inside. Now
calculate the net torque. The two = faces have a counter-clock-wise torque:

torque from x — face = Force x moment arm = (T,,dydz)dx /2 (250)

torque from y — face = — (T dvdz)dy /2 (251)

112



To the net torque is

7= Ty — Typ)dadydz/2 = ]Cfl_j (252)

where I oc mr? ~ p(dxdydz)r? is the moment of inertia and dw/dt is the angular
acceleration so that

dw
Toy =Ty o pr*— (253)

as we consider an infinitesimal cube, r*> — 0 so that
Tacy = Tyx (254)

which means the stress tensor must be symmetric. The stress tensor is symmetric, so
only six independent components.

5.18 Consideration of Shear

Simple  shear  displacement is  like  sliding a  deck of  cards.

—_—

A pure shear displacement keeps the center at the same place and is what our
four forces try to do:

It the little cube is cut differently, e.g. cut at 45° to the previous cube, a
different effect occurs:
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Thus pure shear is a superposition of tensile and compressive stresses of equal
size at right angles to each other.
Let us follow our example of shear a little further:

0 T, 0
T,=|T,, 0 0 (255)
0 0 0

We can look at the transformation properties by considering on the 2 x 2
portion. Now rotate the axes 45°. How do the tensor components change?

SL=30 awa;Su (256)
kol
where a;;, is the matrix for the coordinate transformation, rotation:
'] [ann an] [x] [ cosb Sine] [:1;]
[y/] B [G21 Gzz] [?J] B [—sine cosf Y (257)

For 45°, the rotation matrix is:

1 1
[Ai] = l V2 VF] (258)
V2 2
so that
Ty, = (1G11)2T11 + ar2a111o1 + ar1a12119 + ar2a91 19
= 5 (Th1 4 Tor 4 Thz + Taz) =Ty = Thy (259)
Ty = anandin + arralis + a12a91 151 + ar2a2915
= 5 (=T +Ti2—T5+T5)=0 (260)
Ty = 6{21G21T11 + agrag919 + agga01 o1 + agga92159
= 5 (Th1 — Tha — Tor + Tog) = —To1 = =Tz (261)

So that for the 45° rotation we have

T5 0 ]

Tl = [ & (262)

Thus we have shown that a pure shear stress rotated by 45° is equivalent to equal
amounts of tension and compression stress at right angles to each other with the pure
shear bisecting the angle they make.
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5.19 Electric and Magnetic Stress

In this section we see that using the Faraday lines of force concept that both the
electric and magnetic field lines can be under tension or compression and thus by the
argument just above under shear stress.

First consider two opposite charges, magnitude ¢, a distance 2d apart, located
symmetrically opposite the origin on the z-axis. The force between them is F' =
q*/(4d?*) according to the Coloumb law. We can imagine putting a metal plate (perfect
conductor) in the y — z plane and know that an image charge will form and have the
same force on it and thus the plate. This makes sense in terms of the Faraday lines
of force. We can calculate the total integrated mean square value of the electric field
in the y — z plane.

® L 4 X pe >

q d  4q d d

The only non-zero component is E, = 2qcosf/r* = 2qd/r® where r* = p*d>.

o) 0 2 2 2
/EszzéqudQ/ 2w pdp :47rq2d2/ d[P ‘|‘d] :47rq2d2 1 p=0 _ 2mq
0 p

(p? + d?)? —o (p® + &2)? 2p? + d2)2 =
(263)
The actual force between the charges is ¢*/(4d*), so that the force per unit
area in field must be g which is a tensile stress and is along the lines of electric field.
Now consider the same situation but with both charges having the same sign.
In this case the lines bend and become tangent to the y — z plane and are clearly in
compression. By symmetry the only non-zero component of the electric field is that
that goes radially (in the p direction).
E? = 2—q3in0 = 2ap = 24p

4 d2 d2 r TS

where /2 = EZ+ E?. Again we can compute the total integrated mean square electric
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field strength in the y — z plane:

2 2 2 2 2
240 42 [TF _ , [ () —d 2y 2| 1 d 2 _ 27mq
/EpdA = 4q /0 : 2 pdp = 47q /d2 e d(r*) = 4rq l |2

12 2(r?) 2
(264)
Thus again we find the compressive stress perpendicular to the electric field lines is

E?/87.
Consider another simple case of tension along the lines of electric field, which
is the familar simple capacitor.

—

L E
+ T
+ - T—
+ TR
+ - I
+ I
+ - —
+ - I
+ I

Clearly the lines of force, electric field lines are under tension. We can consider
the charge on each of the capacitor faces to have a surface charge density equal to
o. Then by Gauss’s law we can construct the usual pill box which has a uniform
electric field passing though the face with area A and not on the sides or outside face.
Thus in Gaussian units 470 = F (in Heavyside-Lorentz units, o = E) and the force
between the plates per unit area is

F_

T = (265)

Eo E?
2 8
(or in Heavyside-Lorentz units, £%/2).
Now we turn to magnetic stress. First consider a very long solenoid or a current
sheet.

j T F Integral Path
Fol
| 7
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The magnetic field is parallel to the solenoid and

so that B = 4xj/cl. The Lorentz force on the current is
F=q(0xB)=jxB

The force per unit area is equal to the average of the magnetic field at each edge of
the solenoid or for an ideal solenoid this is half the internal magnetic field. We then
have pressure stress

cB?
Pmagnetic = 8—7T (266)

The factor ¢ depends upon the units one uses. Thus we see that like the electric field,
the magnetic field can have compression perpendicular to the magnetic field lines.

Now we observe tension along magnetic field lines. Consider two magnets
placed with poles near each other. If the poles are opposite, the magnets are attracted
— tension in the direction of the lines. If the poles are the same, the magnets are
repulsed — compression perpendicular to the lines.

We can see that this reduces to exactly the same case as for the charges
calculated above by considering two long magnets.

N S N 5

N S‘ ‘N S

As the magnets get longer and longer, each pole acts exactly as if it is an
isolated charge and the math is the same.

Now we see that we need to have a momentum-energy tensor or more properly
stress-energy tensor for electromagnetism.

5.20 Stress-Energy Tensor

We need to generalize this to 4-vectors and Lorentz invariance. This will require the
use of second rank tensor - the stress-energy tensor.

In relativistic mechanics for continuous media the energy-momentum or stress-
energy tensor, 7°7, is usually defined as:

TV = puiuj — Eij; T = 7% = pui; T% = p (267)
where p is the density and E% is the Cartesian stress tensor usually defined as
the tensor that describes the surface forces on a differential cube around the point
in question. The normal surface force is pressure but there can be terms for
tension/compression and shearing stress.
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Then the equations of motion of a continuous medium is

o1
_ aB _ B
Y g =T =1 (268)

[}

where f” is the 4-force density. That is the net force on material in a volume V is

=[] = ] (2)

where the last equality comes from invoking Stoke’s theorem.
In the case of electromagnetism in the 3-dimensional form the parallel
equations are

*:///V(E+ﬁxE)pd3vz///v(pﬁ+jx§)d3v (270)

Thus the force density fis
f=pE+)xB (271)

Now we want to replace p and ; by the fields via Maxwell’s equations.

— — e = - 1aE
=V K VxB————
P ’ )= c Ol
Thus .
- 10F
( E)E‘|‘(V><B——8—XB
C

f=
Through suitable use of Maxwell’s equations this can be recast to

F=(NV-E)E—Ex(VxE)+ (V-B)B - Bx(VxB) — —v (B* + B?) - o (Ex D)
c

This is not a particularly elegant expression but is symmetrical in E and B. The

approach can be simplified by introducing the Maxwell Stress Tensor,

1 1
Tij — (EiE]‘ — 552']‘E2) + (BZ'B]‘ - 552']‘32) (272)
For example the indices ¢ and j can refer to the coordinates x, y, and z, so that the

Maxwell Stress Tensor has a total of nine components (3 x 3). E.g. with € and pq
explicitly stated instead of the units we usually use with ¢

Seo (B2 - E} — E2) + 5> (B2 - B} - BY) eo(EE)—I—L(BB)
Ti; = co (E-Ey) + o= (B.By) Leo (Ey2 L. Ez) n % (B2 B Bg)
o (K. E.) + %0 (B:B.) e (B E.) + - - (B, B.)
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And thus the force per unit volume is then

N
2|3,

f=v. (273)

1
&

And by Stoke’s Law

P= /W dA——za/ /[ sev (274)

This turns out to be a much more compact equation in 4-D vector notation.

For 4-dimensions the force law is f* = F*j,.

We want the full generalized relation between the energy-momentum tensor,
T8, and the 4-force to be:

F=0.T (275)
ey SRt 7

14

where the last term represents the repeated indices summation convention. One uses
index indicates partial derivative with respect to Zingex and repeated index to indicate
summation on that index to make the equations easier to write and view.

For example,

fl’ - Tl’l’,x —I_ Txy,y —I_ sz7z
forcex, = Apressure + Ashear stress (277)

For electromagnetism the force equation is
fu=Fujy=FuFi, (278)
since F; , = j,. Thus we have
Ty = Fo Py (279)

A tensor satisfying this equation is

1 1
Ty = == [ Funs = 0P (250)
1 1 8
T = FrROFY — — M FOP L, (281)
4 4 o
py 1 wagy _ 1w pag
T = ~ I FHepFY — 29 FF,5 (282)
First consider the Maxwell stress tensor,
1 5 1 1 5
Tij = <o (EE] — 5% E ) o (BZ'BJ‘ — 508 ) (283)
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_ ¢ 2 2 2 1 2 2 2
Tov =5 (B2 — B2 - E2) + o (B2 — B2 - B?) (284)
1
Tyy = o (B Ey) + N_ (B.By) (285)
0

and so on. Bear in mind that the stress tensor is symmetric. It is also possible to
add some additional terms.

1 1 — —
T%° = — (B> + B*) + —V - (OF 2
- (E* + B%) + =V (9F) (286)
o= L (ExB) + L (287)
4 i 4r !
7o - L (ExB) + iﬁx(@é) - i((l)E») (288)
 Ar ¢ 47 Jxo !

The added terms uses the free field ; = 0 Maxwell equations and included for
completeness. If the fields are reasonably localized, then T is the field energy
density, and the 7% = cP}ield is the components of the field momentum density or

the Poynting vector S. Thus a simplified form is

7, = |7 (B o (289)
g S Maxwell Stress Tensor
E2_|2_B2 b,B. - E.B, E.B, — E.B. E.B,— E,B,
1 |EB.—E.B, WGAENEBR) E.E, + B, B, E,E. + B,B,
" ir | E.B, — E.B, E.E, + B,B, (B, =P Bt (BymBa o) E,E. + B,B,
E.B, — E,B, E,E, + B,B. E,E. + B,B. (BB B+ (BB By)
(290)
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5.21 Bopp Theory

In classical electromagnetic theory there are two additional factors that must be taken
into account: (1) the finite speed of light which means that the charge distribution
can change and the change only propagates at the speed of light and (2) the 1/r form
of the potential means that any point charge has infinite energy. To take into account
the motion of charges one must end up using retarded potentials. In 3-D one has:

/] r”/c “) v (201)

Bopp suggested a simpler form of the 4-vector potential which he thought
might handle both problems:

:////ju(tzafz)f(sfz)dv?db (292)

Where f(s},) is a function which is zero every where but peaks when the square of
the 4-vector distance si, between the source (2) and the point of interest (1) is very
small. The integral over f(s},) is also normalized to unity. The Dirac delta function
is the limiting case for f(s?,). Thus f(si,) is finite only for

3%2 = 02(t1 — t2)2 — r%z A +¢? (293)

Rearranging and taking the square root

I / ¢? ¢
C(tl — tz) ~ T%Q 4 €2 ~ 12 1+ TT ~ T12(1 + W) (294)
12

12

So P
(t— 1)~ 2 &

c 2¢ry9

(295)

which says that the only times ¢, that are important in the integral of A, are those
which differ from the time ¢;, for which one is calculating the 4-potential, by the
delay ri2/c ! — with negligible correction as long as r13 > ¢. Thus the Bopp theory
approaches the Maxwell theory as long as one is far away from any particular charge.

By performing the integral over time one can find the approximate 3-D volume
integral by noting that f(si,) has a finite value only for At, = 2 x €?/2ry3¢, centered
at t; — rya/c. Assume that f(s], =0) = K, then

K y
A = [ il ) Vit = B [IUZRIOT) gy g

712

which is exactly the 3-D version shown above if we pick K so that K¢* = 1.
This manner of thinking eventually leads one to the interaction Lagrangian as
a the product of the two currents (electrical, matter, strong, weak, gravitational).
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5.22 The Principle of Covariance

The laws of physics are independent of the choice of space-time coordinates.

Special Relativity applies this only to the choices of Euclidean (pseudo-
FEuclidean), non-rotating coordinate moving with constant velocities with respect to
each other. That is by definition inertial frames.

General Relativity applies this to all conceivable space-time coordinates:
rotating, accelerating, distorting, non-Euclidean, non-orthogonal, etc.

Einstein said that this principle is an inescapable axiom, since coordinates are
introduced only by thought and cannot affect the workings of Nature.

Therefore the Principle of Covariance cannot have Physical Content to
determine the laws of any part or field of physics.

Tensors are essential because all tensor equations of proper form are manifestly

covariant; their functional form does not change when coordinates are changed.
(Proper form means that both sides of the equation result in tensors of the same
rank and, if the equation matches the classical limit formula, then it is the only
correct form. get the stuff in these parentheses, precisely right.)
The form of a tensor equation provides no guide for selecting a particular
“fixed” or “at rest” coordinate system. However, its content may provide this.
Covariance Language has heuristic invariance:
(1) It guides in proceeding, without telling where to go.
(2) It helps to prevent errors from staying with particular coordinates (through
oversight or error).
(3) One should take as a first approximation to physical laws those which are simple
in tensor language, but not necessarily simple in a particular coordinate system.
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6 POINT OF VIEW

In this chapter we consider relativistic effects from different points of view. In
essentially all the cases we have done before, we have assumed that we had a complete
reference frame of meter sticks and clocks so that we could determine lengths and
times at any place in space-time. This I refer to as the physicist’s god-like view
provided by his reference frame and ancillary tools. This concept of reference frames
comes to us from Galileo and Newton.

Most mere mortals, such as astronomers and individuals, have more limited
access to data about remote objects. In general, especially for astronomy, the observer
either sits at a point in space-time and images light coming to his instrument — eye,
telescope, camera, etc. — or sits at a point in space and observes the light arriving as
a function of time.

The result of being limited to a single point of view, instead of the physicist’s
god-like plan view is to observe very different relativistic behavior than we have
considered so far. One can observe cases of a moving clock running faster. Radio
astronomers observe many objects moving superluminally (that is with velocities
faster than light), and fast moving objects appear very differently than a resting
object at the same place. Sometimes one can not see the front of an approaching
object but can see the back.

We consider some of these effects in the following sections.

7 The Relativistic Doppler Effect

From the point of view of a single observer confine to a location in space, a moving
clock can run either faster or slower than an identical clock at rest with respect to the
observer depending upon its velocity (direction and speed of motion). We consider
the case of a clock that is a light source with a particular frequency and work out the
relativistic Doppler shift. The frequency can be considered the beats of the clock.

We work the problem out by considering two different inertial frames and use
the Lorentz transformations in order to determine what a single-place observer would
see.

7.1 Ray Optics Approach

First, go to the frame S’ where the source is at rest and emits light at frequency
v = v,. Now consider a pulse light going in the direction #' relative to the a’-axis.
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y' = ct’ sin

T Source

Observer

Now consider the frame 5, where the source is moving in the x direction with
velocity (speed) v, and consider the path of the light in this frame. We can use the
Lorentz transformations to calculate the location of a light pulse emitted at time
t' = 0 and trace its path as a light ray.

'+ ot! ct'cos +vt' ct' (cost +v/c)

T = = =

\/1—1)2/02 \/1—1)2/02 1 —v?/c?

y =y = ct'sint’

By taking the ratio of y over # when can find tané
Yy sinl)’ 1 sinb
tan = = = ——— /1 —v?/? = ————— 297
an r  cost +v/c v?/e v cosh 4+ v/c (297)

This is the full relativistic aberration of light formula derived by ray optics argument.
This is the same result as found using the Lorentz contraction and ether approach.

Now using the Lorentz transform for ¢ and then ¢’ we can derive a formula for
the relative rate at which clocks appear to run.

t'+ g2’ U+ ttcost) y (1 + %0089/)

N V1 —v?/c? B V1 —v?/c? B V1 —v2/c?

Similarly and symmetrically

1= tw =~t (1 — Bcos@)

1 —v?/c? c

t

=~ (1 + Bcos@’)
c

Taking the derivative of ¢ with respect to ' and vice versa and inverting we find the
relations

dt -1

= (1 + %cos@’) = [’y (1 — %cos@)] (298)
Note that it matters whether one uses the angle 8 or § because of the aberration of
angles. The frequency of clock ticks would be:

! v ! ! v !
v="r'y (1 + —0050) =v [’y (1 - —0030)] (299)
c

c
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7.2 Phase of Plane Wave Approach

Now we can calculate the direction and wavelength or frequency of light observed by
considering the phase of a plane wave traveling in the same direction #" in the frame
S" where the light source is at rest. Remember the relationship between wavelength
A, frequency v, and the speed of light ¢: A,v, = ¢

® =9 v 2'costl + y'sint)’
=27 |vt' —
Ao
apply the Lorentz transforms expressing z’, ¢’ in terms of x and ¢ and y' = y to obtain:

c?

o nf’
¢ =2r [1/07 (t — 3:1;) — CO)\S vy (x —ovt) — Sl)\n y]

Now in the laboratory or observer rest frame coordinates

® = 9 |t cost stnb _5 (t'—l—l ,) cost (& + ot stnb
=27 |v L Y| =2y 27 (@t — Y

Since we realize that the phase must be the same in the two frames, we can compare

the previous equations and obtain the coefficients for ¢, x, and y which must be the
same. l.e. for ¢

cost)! v ,
v ="V, + YU = YUy (1 + —0050)
Ao c
Collecting the coefficients for ¢’ yields
Vo =V (1 — Bcos@)
¢

These are the relativistic Doppler effect for frequency
v =~ (1 + Bcos@’) =1/ [’y (1 - Bcos@)] (300)
c c

These are the same equations we got for the ratio of clock running rates using the
geometrical ray tracing.

We can also find aberration of angles, started by setting the coefficients for «
and y equal from the two equations for the phase.

cosf cost)’ N v
= Vo—
T, e

where we make use of the relationship A'v/ = A,v, = ¢ = Av. The ratio of these
equations gives
sinb’
v (cosd' +v/c)
is the same aberration from ray optics above. This is natural since one is geometrical
(ray) optics and the other wave but rays propagate normal to wave fronts.

tant =
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7.3 Special Cases
7.3.1 Doppler shift parallel to direction of observation

Consider the special case when the source is approaching or receding directly. That
is to say that the velocity of the source is parallel to the line of sight. Then both
versions of the formula yield the following relationship

_ |18
v=v 1—3

This is left as an exercise to the reader to show this and to show that the equation is
exactly symmetrical on reversal of the frames

l//_l/ 1—I_ﬂ/_l/ ﬂ
“Vi—p T Wits

7.3.2 Doppler shift perpendicular to direction of observation

The case of motion perpendicular to the direction of observation (in the observation
frame). is quite simple:

v=rv'/y VvV =+v
This is called the transverse Doppler shift and is simply a result of time dilation as
one would anticipate.

7.3.3 Fresnel’s Velocity Dragging Coefficient

u=u'+ vcosh(1 — u’z/cz) = ¢/n + kvcosh

8 Superluminal

Radio astronomers routinely observe objects that they classify as superluminal.
Operationally this means that a radio astronomers uses his radio telescope (often
an interferometer array) to make an image of an object at multiple times and the
time rate of change of the angular diameter of the astronomical object times the
estimated distance to the object gives a result that implies a velocity transverse to
the line of sight which is greater than the speed of light, sometimes by up to five
times.

There are a number of potential explanations for these observations but nearly
all can be ruled out easily by companion observations.

Consider the following scenario where the source is at rest with respect to the
observer (radio astronomer) and has sent out an relativistic expanding shell of light
emitting matter.
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-‘_
= Utl
v = fc
di =D — vticosl

A radio astronomy telescope images the incoming wavefront which means that
it accepts photons which have arrived at the telescope at the same time. Hence we
need to find the locus of points on the expanding wave front which have the same
total travel time to the radio telescope. This means that the sum, t;,/4;, of the time
t1 = R/v taken for the point on the expanding sphere to reach the point at radius
R = vty where it emits the light plus the time t3 = (D — Reos)/c it takes light to
travel from the point of emission to the radio telescope. Note that D is the distance
from the original expanding source to the radio telescope.

1 cosf
ttotal =R (_ - )
v c

vt
1 — Beosh

note that for 3 < 1, this radius is R ~ vt(1 + Bcosh).

Note also that this is an alternate definition of an ellipse with eccentricity
e = (. Usually an ellipse is geometrically defined a the locus of points for which
the sum of the distance from two points is a constant. However, a more general
definition of a conic section is the locus of points whose distance between a point and
a line, called the directrix (in this case the wavefront), is in a constant ratio e. In
this case ¢ = v/e. If e is less than 1, the resulting figure is an ellipse. If e is equal
1, the resulting figure is an parabola. If e is greater than 1, the resulting figure is a
hyperbola. The eccentricity e of an ellipse varies between 0 and 1 and the value of e
indicates the degree of departure from circularity. (Focus is at a distance of ae from
the center and the directrix is at a distance a/e from the center of the ellipse.)

The apparent diameter set by the symmetric pair of such points is twice Rsinf.

R=

nd
Diameter = 2Rsinf = 2vt— 0
1 — Beosh
The velocity perpendicular to the line of sight is

vsinf

T Beosh

vy
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We can find the maximum apparent diameter (still assuming the expanding shell is
opaque and emitting light) by taking the derivative of the diameter with respect to ¢
setting that to zero and finding the maximum apparent diameter at time %,.

dDiameter cosf Bsin0
do 1= Beosh (1 — Beosh)?

2ut
(1 — Bcosh)? (

cost) — 3)

The maximum clearly occurs at

cos) = 3;  sinb = m; 0 = cos™ '3

2vt 2vt

At the maximum

R = = = 2 t
1 — fBeost) 1 —p32 Y
The diameter is then
) sinb V1= 3?2 Qut
Diameter = ZUtm = 2vt T = T = 2wt
vy = 29v

The subtended angle is ~ 2yvt/D and the apparent velocity is v times the expanding
sphere velocity.

The most visible radio objects are double-lobe radio sources which have back-
to-back relativistic jets. In practice one generally only able to measure well relativistic
jet that is coming towards the observer because the Doppler effect both changes the
observed temperature and intensity. The intensity of the portion coming towards
the observer is typically increased by the factor 8y and the portion moving away
decreased by the same factor. See the following exercise:

8.1 Superluminal Motion Exercise

Astronomers observe a large number of radio sources that move with apparent
superluminal speed. That is the rate of change of angular separation between
components times the distance to the radio source gives a velocity well in excess of the
speed of light (vepserved = D X da/dt). Consider the following problem and diagram
to help understand how an astronomer could measure apparent superluminal speed,
if there is a relativistic beam coming from the source.
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blob on jet

~ vt cosf

vt sinf

0 l D to Observer

Galaxy/Source

ct —_—

Neglect the source (host galaxy) motion relative to the observer and consider
the motion of only a single blob on a radio jet. The blob moves at velocity v with
respect to the galactic nucleus (and observer) beginning at time ¢t = 0. Also assume
that the blob and nucleus continuously emit radio waves so that they can be observed.

Consider the radio emission received as a function of time by the observing
radio astronomer very far (distance D) away. Show that the observer sees the blob
coincident with the galaxy source at time tq = D/c corresponding to t = 0. Show
also that the observer sees the blob with transverse displacement vt sinf from the
galactic nucleus at the time

t, =14 (D — vt cosh)/c
Show that the elapsed time for the observer was
t, —to =t(1 — [cosh)
where = v/ec.

The apparent transverse velocity of the blob relative to the nucleus
Vapparent—transverse €quals the transverse displacement divided by the time difference
observed for the displacement to occur. Show that this leads to the formula:

Bsind

6(1 arent—transverse —
b 1 — Bcosh

Plot this formula for the following values: 3 = 0.5, 1 (a special case) and v =
2,3,4,5, 7, 16.
Show that the maximum transverse velocity happens for cosf = 3 (and thus

sinfl = /1 — 32 = 1/v), as derived in class for an expanding spherical shell, and that

the maximum apparent transverse velocity is

6apparent—transverse—max = 6/ \/ 1 - 62 = 7ﬂ

and that your graphs agree with this.
Note that for the critical angle and v >> 1, the transverse speed is roughly

vapparent—transverse—max ~ YE.
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8.2 Too Rapid Time Variability

The minimum size for an astronomical object is often estimated by use of our earlier
finding that no causal impulse can travel with a speed faster than the speed of light.
Thus if an object is observed to vary its brightness very significantly in a given time
period At, then it must be no larger than d = At in extent. This is a good rule for non-
relativistic objects. However, if the object, e.g. a jet, is moving towards the observer
with relativistic speeds, then this can be compressed by a factor ¥(1+ fcos')). which
can be as much as 2v,pject-

This effect has been observed (R. A. Remillard, B. Grossan, H. V. Brandst,
T. Ohashi, K. Hayashida, F. Makio, & Y Tanaka, Nature 1991 vol 350 p 589-592)
in the rapid variability of an energetic X-ray flare in the quasar PKS0558-504. The
quasar X-ray flux was observed to increase by 67% in three minutes while there was
no significant change in the spectrum. Since we know the mass of the black hole from
the limit of accretion efficiency, we know it’s size. From the minimum (light) travel
time across the source, we know the minimum variability time scale. The observed
time is shorter, by about a factor of 16; therefore, we must have relativistic beaming.

Another interesting example of variability, however, is the time dilation of
supernova light curves. Nearby Type 1A supernova are observed to have a very
standard brightness and time dependence of the light curve. (This can be made even
a tighter standard by the correlation between the intensity and light curve width in
time.) When observed at great distances, the light from a Type 1A supernova is
observed to be reddened by an amount that is consistent with a Doppler frequency
shift and the light curve time taken is stretched by the same amount predicted by the
relativistic Doppler shift formula. Most observed distant supernova have frequency
shift factors ranging from 1.2 to 1.9. As we will see later this is evidence that the
Universe is actually expanding and one can understand this stretching from a General
Relativistic point of view also.

9 Appearance of Rapidly Moving Objects

Surprisingly, if an observer looks at or photographs a small fast-moving object (8 &~ 1),
which approaches him at even a relatively small angle, he cannot see the front of
the object but can see the bottom and back. Likewise, it is impossible to see the
Lorentz-Fitzgerald contraction by this technique. Instead of looking shortened along
the direction of motion, an object will appear rotated. This is a combined effect of
the aberration of light and the fact that our instruments (eye and camera) use the
incoming wavefront from the object.

In 1959 James Terrell (J. Terrel 1959 Phy. Rev. 116, 1041) realized that
the visual appearance of an object would moving at high speeds would not reveal the
Lorentz contraction in the direction of motion as commonly expected. That same year
Roger Penrose (R. Penrose 1959 Proc. Cambridge Philosophical Soc. 55, 137) proved

that a sphere would always appear to be a sphere rather than a Lorentz-contracted
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ellipsoid. These and some other results were brought to physicists’ general attention
by a Physics Today article of Victor F. Weisskopf (1960).

The key point is that when we see of photograph an object, we record light
quanta (wavefronts) emitted by the object, when they arrive simultaneously at the
retina or at the photographic film. This implies that these light quanta (portions
of the wavefront) were not emitted simultaneously by all points of the object. The
points further away have emitted their part of the picture earlier than the closer
points of the object. Hence, if the object is in motion, the eye or the camera gets
a “distorted” picture of the object, since the object has been at different locations,
when the different parts of it have emitted the light seen in the picture.

In special relativity, this distortion has the remarkable effect of canceling the
Lorentz contraction so that small solid-angle objects appear undistorted and only
rotated.

9.1 Appearance of a Moving Stick

We do a very simple case first. Consider a moving stick of length ¢, = ¢ in its rest
frame 5" which is aligned with the 2’ axis. In frame S where you the observer is
idealized as a point at the origin which can take photographs. In frame S the stick
has length ¢ = (, /vy = {,4/1 — v?/c? and is moving with velocity +v along the = axis.

Consider the junior physics lab experiment where the student is asked to
determine the apparent length of the stick from a point the center of the laboratory
frame. Student A - Jim Photographer - sets up a camera and a self-illuminated stick
and his partner, Student B - Lena Timer sets up a radar or laser ranger and a meter
stick with retro-reflectors on each end.

9.1.1 Sell-Tlluminated Stick

First consider the stick as a cartoon meter stick - a frame which defines the edges of
the meter stick and the frame is glowing. The rest of the meter stick is transparent
(not there). A view or photograph from the center of the frame S shows one rectangle
(outline of far end) inside another (outline of the near end) and the corners of the two
rectangles connected by lines (edges of the length of the cartoon stick). If the stick
were not moving, the relative size of the rectangles is set by the ratio D/({+ D) of their
respective ends distances from the origin. But the stick is moving, thus contracted,
but also the light from the more distant end must start toward the camera sooner
than the light from the near end in order to arrive at the camera at the same time.
This second effect is present classically and causes distortions in pictures of rapidly
moving objects.

Consider first the stick moving toward (approaching) the origin. The light
from the far end of the stick must catch up with the front end of the stick to continue
on with the light just then emitted from the front end of the stick. In the approaching
direction the light must travel the length of the stick plus the distance the stick has
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moved from the time the light leaves the far end of the stick until the time it reaches
the front of the stick.

distance light travels = stick length + distance moved

CAtl =/ + UAtl
l

cC—v

Atl —

v 1 1+
fo=t4oan=¢(1+ ) =t =
Thus the stick appears longer even though it is length contracted.

When the stick is receding, the light leaving the far end (now the front of the
stick) must reach the near end (now the back of the stick) at the time the light leaves
the near end of the stick. So the light must, once again be emitted first from the far
end of the stick, but it has to travel less distance to the front because the stick is
moving towards the light.

distance light travels = stick length — distance moved
CAtl =/{— UAtl
l
Atl —
c+ v

1 1—
zazz—vml:z@— v ) YRS
c+o 1+ 1+
Thus the apparent length is now shorter as the stick recedes into the distance. Student
A takes a lot of photographs and measures distances and ratios finally he plots up
the apparent length as a function of position and finds:

log((a)
Self-Tlluminated B ]
g — Ly m
d
P U= 1,\/1—[3*
d

Radar A =
=
T

132



9.1.2 RADAR or LIDAR-Illuminated Stick

Student B knows measuring times is easy and already has her results plotted. In her
apparatus the radar or laser pulse first hits the near end of the stick and reflects back
to her receiver where she records the time. The pulse then reflects from the far end of
the moving stick and returns to her receiver and she records the time. The difference
in times divided by 2¢ gives her the apparent observer-illuminated stick length.

We can calculate the extra time to get to the far edge (back edge of approaching
stick) and find the the light pulse has to travel less than the laboratory length of
the stick because the stick has moved forward to meet it. It is just the symmetric
opposite case of the receding self-illuminated stick. The radar apparent length of an

approaching stick is
(, =1, ﬂ
V145

For the receding stick the light going to the back edge to reflect has to travel the
length of the stick plus the distance the stick has traveled and so the radar apparent

length of the receding stick is
(, =1, /ﬂ
1—p

which is longer than the apparent length of the approaching stick.

Who is right? They both are. This is an illustration about the care one needs
to take in defining the question.

Because Student B’s technique was so much faster, she had plenty of time after
taking the data to puzzle over the results and realizes that a lot of the effect is to be
expected simply because of the finite speed of light - a necessary component of her
measurement. The finite speed of light makes the approaching stick reflections closer
by the factor 1 — 3 and the receding stick’s reflections further apart by the factor 14 3.
She corrects for this effect and finds the length of the stick is always ¢ = (,/1 — [32.
She claims she has “observed” the length of the stick and it is contracted by just
the Lorentz factor /1 — 3%2. The lab instructor is impressed and knows the “right”
answer from the Michelson-Morely experiment and the Lorentz contraction.

Student A is miffed but also shows he is really sharp also, even if he has done
the observations the hard way. He argues: “Yes, there is a classical effect, that does
cause the stick to appear distorted.” However if we were asking, if we can observe
the Lorentz contraction by eye or camera, then a more careful analysis shows that
we cannot “see” it directly but have to correct our calculations to do so. The image
is actually distorted in such a way that the Lorentz contraction is hidden. Consider
the following argument about the true appearance of a rapidly moving object.

9.1.3 Sell-Tlluminated Small Cube

Consider a small cube moving towards the observer or camera with very large velocity.
Arrange for it to pass over head by a small but reasonable amount. This is both for
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reality and to avoid the problem the zero in the coordinate system. We will see that
aberration of light will cause the cube to appear rotated and the finite travel time
of light and the rotation together just compensate for the Lorentz contraction. Thus
the object appears completely normal but rotated.

If an observer looks or photographs a fast-moving object (# ~ 1) which
approaches him at a small angle « of observation then, if a2 +/1 — 32, the observer no
longer sees the front side of that object, but can see the backside. We can appreciate
this qualitatively and then quantitatively. First consider the aberration of light.

In the rest frame of the object radiation can be considered emitted isotropically.
In the observer’s rest frame, the radiation appears folded forward. All the radiation
emitted from the forward direction (¢’ = 0) to right angles from the direction of
motion (§' = 90°) is contained in a cone with tanf = ¢/yv or roughly for 3 ~ 1 inside
a cone with half angle § = 1/ = /1 — 2. Thus as the object reaches an angle higher
than a — /1 — 3% any radiation from the front of the object goes over the observer’s
head or camera.

In fact due to the relativistic aberration only a very small part of the light
emitted backward in the rest frame of the object will go backward in the laboratory
frame. What will be observe? When an object such as a cube (radiating white light
in its rest frame) approaches from very far away (a<y/1 — 32), then the observer
sees its front side and shortened by perspective its bottom side both radiating in the
the ultraviolet. The as the cube gets closer and the observation angle («) grows,
the cube seems to turn and if a>1/37v, then we see only the bottom still violet. As
the observation angle becomes greater, the one not only no longer sees the front but
also can see the backside and the color is less violet. When the object passes over
head (o = 90°), one observes practically only the back side of the cube, radiating in
the infrared. The picture remains nearly unchanged until the cube disappears in the
distance.

Now let us consider this a little more quantitatively. Consider the cube at the
moment it is at right angles to the observer. (The moment that the light it emits
to the observer leaves at right angles from the cube in the observer’s frame.) The
observer will take a picture of the cube with light arriving in a wave front where the
light arrives to the eye or camera simultaneously. If the cube is small compared to
the distance to the camera, then to first order all the light from the bottom surface
leaves for the camera at essentially the same instant but the light from the back face
of the cube must leave earlier, the higher the point on the back face of the cube. The
light leaving the top of the back face of the cube must leave a time At = ¢, /c and at
a position of the cube that is d = —vAt = 3{, earlier (further back).
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v AL

cAt 0, =10,

To Observer

The image from below shows the cube with width ¢, transverse to the
direction of motion and bottom length in direction of motion the Lorentz contracted
lyn/1 — % and back edge with same width and length ¢,5. This is exactly the

perspective view one would get, if the cube were rotated through and angle 3.

l,

VA=
B,

One can do these same calculations from any selected observation angle and
finds similar results. The image (eye or photographic) appears to be a cube rotated
by the aberration angle.

The key issue is that one is observing with light emitted from the object (cube
in our example). In relativity light propagates with constant speed ¢ independent of
the observer’s or source speed and the key point here is that the wave front always
remains perpendicular to the direction of propagation. The only thing that changes
is the direction of propagation (and thus wavefront angle) which is what we call
relativistic aberration. Thus an image in one frame remains an image in the other
and only the angle of observation changes.

This statement is true for the case of a small object which subtends a small
solid angle. As one goes to larger angles, the aberration changes and a larger solid
angle object would be rotated and distorted by the variation in aberration angle
across the object being viewed.
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10 Momentum Space

For any vector we may construct a vector space:

1 V3 a3
X
v a
/ o S v/ &
// // //
Z1 U1 a
Iy
F
etc.
/ Iy
//
I

In such a space we may use any convenient coordinates: polar, rectangular,
etc. Choice of coordinates is usually made to emphasize the symmetries present in
the situation of interest.

We know how all Lorentz vectors transform under the set of special Lorentz
transformations (¢||t', x||2', y||y’, z||z") where origins in space-time coincide and the
relative velocity along the @ and z” axes.

Therefore we can see how any property they have transforms.

Example:

siny /1 —v?/c?

tany' = (301)

cosxy —v/e

136



=

Vg

[(v’)2 + u? 4 2uv'cosy’ — (uv’sinx/c)Z] 1z
v=/vi4 04 02=
Y 1 + uv'cosy/c?
Any Lorentz vector transforms as
51?|/| = ’7(1’” — Bao)
o = (w0 —fr
¥ = wxy (302)
where || and L refer to ¢ frame.
In momentum space we are interested in
p= (E/C,px,py,pz) (303)
p-p=E/c = |p* = (moc)? (304)

Pythagorean Theorem:

3

pc = mve = yBm,c?
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L4 (B7) = 4 (305)

B = (mec) + (po)?
EdE = pdp (306)

10.1 Distribution Functions

We can define a distribution function f(z) by how one determines the number (of
something) in the interval (xy,x3) or

Number = /x2 fla)dx (307)

T

Normalize to a single event and f(x) becomes a probability with

/2111 x Ja)de =1

Change variables: y = y(x), then

9(y)dy = f(x)dz (308)
since number is invariant p
x
= — 309
o) = J0) | (309)
the absolute value is because f > 0 and g > 0.
For many (n) variables, one replaces j—z’ by
dy‘1 ’ dy‘z ’ dyn B 8:1?2'
ovy  Drn .. Do dy:
dy1 7 dyz”’ dyn
Where the || is the functional determinant or Jacobian determinant of the
transformation of the variables.
Examples: From (z,y,2) to (r,0,¢), | | = r*siné.
From (x,y) to (r,0), | | = r.
Solid angle d} = sinfdodf with [, dQ =4dx

Volume Element = dxdydz = r*sinfdrd0d¢ = r*drdQ = r*dr|d(cosf)|dé  (310)

For a Lorentz transformation without reflection, J = +1, for any Lorentz transform
|J] = 1. This is another indication that Lorentz transformations are rotations
(neglecting any translation - i.e. keeping origins aligned at zero time).
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d'p = dpidpadpadps = | J|dp' dpdpldp (311)
Because the same events populate each volume element.
But the 4 components of p are not independent. We focus interest on the 3-D
volume element d?p. The result of this relationship is that
&Py &Py
B

(312)
Further
pdEdQ = p'dE'dY (313)

Now we can easily prove these results using the Lorentz transformation of
momentum:

E'=~(E — Bepy) P, = Py
314
Py =7 (p= — BE/c) p. = p- (314)
and
B = \/(pe)? + (moc?)? (315)
Which we can insert into the equation for p!, to obtain
=7 (pe = (B/) (P2 + P2 + p2)e? + (moc?)?) (316)

Now we can evaluate the Jacobian
opy  Op,  9pL

Al Py %) Ipe  Tpy  Op: opl,
perpyrp-)| o ~|ap
@) Pys Pz 0o 0 1 v
5 Pac?
¢ /(02 + P2+ p2)e + (moc?)?
VI — Bypac £
7 =7(E = fepe) = (317)
So that
El
f(pe.py,p-) = f’(p;,p;,p;)f (318)
and
S (pespys p2)dpedpydp. = f'(pl. p,. pl.)dpldp),dp. (319)
SO
E’ dp’.dp! dy’ >y
S onondr, 47 (320)
I E  dpydp,dp.,  d°p
S0 d-?)_’ d3_7
P 7o :
i invariant (321)
i ReT) 2dpdQ) dpd()
fp _P g = invariant = pi(pé? ) (322)

pdp = EdFE so that pdp = EdE/c* = invariant so pdpdf) is invariant.
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10.1.1 Further Discussion

Suppose one wants a quantity describing a distribution of events characterized by
1Pl = p: g(p, Q) such that [g¢(p, Q)dpdQ = number of events (or 1, if normalized to
be a probability).

9(p,Q) = [f(p.Q) p?
g, = f(p.Q) () (323)

These formulae have made use of the relations of p?dpdQ in the first and
f(p, Q)p*dpdQ = ¢(p,Q)dpdQ dQ = d(cosf)dp. Taking the quotients of the two

equations one finds

_Jr _ by (324)
But f/f" = E'/FE so that

9(p, ) :g(p, ) = invariant (325)

A distribution function may be expressed with respect to (|p], Q) = (pQ2) or (E,Q)
since p = p(F) and £ = E(p).
Now let us require a distribution h(E, ) such that

/h(E,Q)dEdQ = number of events

’pd
— /h(E,Q)C ELaq (326)
because IdFE = c*pdp. Then

h(E,Q)p/p = g(p,Q)E
h(E,Q) = g(p,Q)—-

cp
h(E,Q)  _ _pEg _pEPE _p (327)
h’(E’,Q/) - pb' ¢’ - pb’ (p’)zE - 4
S0 WE,Q)  W(E,Y)
- = " = invariant (328)

P P

10.1.2 Example of a Distribution Function Problem

A narrow beam of pions with momentum 10.0 GeV/c decays (7 — g+ v) in vacuum,
providing a line source of neutrinos. In the pion rest frame the neutrino momentum
distribution is

1
g =4g(p, cosx’, ') = 55(19’ — po).
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The distribution is isotropic with py = 29.3 x 10™® GeV/c. Find the momentum
distribution of the neutrinos in the laboratory.

my+ = 0.1396 GeV/c?, m, = 0.1057 GeV/c*, m, ~0 GeV/c?
Lab Frame Pion Rest Frame
. T T
/V //
X p
i

pc 100
moc?  0.1396
1

L+ (B87)?
pZE/
(P')E

By = 71.6

=1-098x%x10"?

™
I

9(p, Q) = g, )

E,=pe, E =ype, sothat

p 1 /
O)=5L — s —

9(p, Q) P (p" = po)

E' = (£ — Bpc cosx)

Py = 7(pcosx — BLE/c) (329)

From the first expression with £ = pc, £’ = p'c:

p' = 7p(1 — Beosy)
P 1
P (1 = PBeosx)

1 é6(yp(1 — Beosy) — p
olp.) = - 202 L)
m 7(1 — Beosx)
To find the distribution G(p), integrate over € for fixed p

R o I (330

Set
(1 — Beosx) = w
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d(cos = ——. 331
(cosx) T (331)
1 pw=w(+8) dw p
G = - — Z8(w —
v %/lf:w(l—m Byp w (w=po)
w
= - = [ Esw—
2 v/ w (= o)
1
G = 332
(p) 257po (332)

Independent of p so the momentum distribution is flat. The distribution extends
from a maximum of ypo(1 4+ #) to a minimum ypo(1 — 7).
To check the calculation, evaluate

[ Gl = rﬁipo [po(1+ 8) = vpoll = B)] = 1 (333)

The result comes out to unity as it should, because in s’
1
[ ot yapa = — [a [ dpsp —po) =1 (334)
s

10.2 Cross-Sections

Cross sections are useful for calculating interactions for a beam of incoming particles.

I = Number/Area = N, °
o
o ©®
%
. .. CCThing”
ode o
PY cattering
Result
dn = number doing a certain thing (335)
d Area for doing it
Probability = < = —ox 0L COI8 | (336)

No Total Area
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Area for doing it is that of of the circles = do.

do
— [
o / = (337)

where A is a “thing”, e.g., within dF or df).
The multicomponent result is

g

an
7= / INONy - DN,

dhid)y - d), (338)

10.2.1 Example
%o
otal = —d dQ 339
OTotal Dpo) p (339)
For a process mcose final state is defined by p, © (a binary process) but also
%o

OTotal = dedQ (340)

so we need to transform such differential cross-sections. Let

0*c
Then o E o B
o o
D00t o ()2 (342)
If 5
o
5o = h(E,Q) (343)
Then Po 1 P 1
i 7 (344)

OEOQp — OB o

10.2.2 Invariants

&r pdEdS)
Ef(pe,py,p:) = Ef%cggdﬂ)
g(p, L ’
pﬂ 3o 8 1 8%
p2 ApdQ p OEIQ
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10.2.3 Scattering Processes

The particles of Newton’s physics were “eternal”, never losing identity, changing
mass, being created and destroyed. In modern atomic, nuclear, and particle physics
particles alter their states and are created and destroyed.

Examples:
(1) Radiation by an atom in an excited state, [F; — Fy = hv] creating a photon.
(2) Nuclear transmutations, e.g.

o+ 7N14—>p—|- No

where the sum of masses changes.
(3) Particle Production, e.g.
T4+ p— AV + K°

Two annihilations, two creations and the sum of masses changes. (This reaction is
called associate production since the “strange” particles A® and K° are produced in
association. The strong interaction respects and conserves “strangeness”.)

All of these effects are well described by relativistic mechanics. However, it
says little or nothing about what happens during the reaction; but before and after
when we have independent free particles (which are well described) and conservation
laws relating initial and final states.

We call all these reactions generalized scattering processes. If the final set is
identical to the initial set (same masses, charges, spins, etc.), it is elastic scattering;
otherwise, inelastic scattering.

Because of creation and destruction of particles, the older classifications,
(simple vs. complex, 2-body vs. many-body, dynamics of particles vs. dynamics
of systems of particles) are meaningless.

A system is characterized by

Energy

Momentum

Angular Momentum

Electric Charge

Its permanence is in its conserved quantities.

It at one time we describe a system as having particles A, B, C, ---, we must
remember that each may be a complex structure. E.g. an atom is a nucleus plus
electrons, a nucleus is neutrons and protons.

By calling something a particle we mean that its particle parameters (charge,
proper mass, spin, magnetic moment, ...,) are constant in time before and/or after
the reaction occurs. Because of Quantization none of these parameters change
gradually, but only abruptly (destruction, creation). In the weak field of a mass
spectrometer a molecular ion moves as a single particle, but in an intense laser beam,
it might disassociate. Even particles now thought to be simple (such as the electron)
are allowed the possibility of structure by our formalism.
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10.3 Dynamics of Systems of Particles
F-Yp. P-Yi. E-YE (345)

Definition of C.M. System: P = 0. To find this Lorentz frame, start in an

arbitrary frame, with Vframe parallel to P in that frame.

E'" = qp(E = B;Pc)
By = (P =prE/c)
Py Py (346)

In the desired C.M. frame, P|’| = 0 so that

fr=s  Br= = (347)

B Pc - Pe MVe
F

which is a restatement of £ = M¢?.

The invariant of Pis P-P = (moc)Z. This invariant for a system is proportional
to the square of the total energy in the C.M. frame divide by ¢?.

One may calculate the components of P in any frame as if the system were a
particle of rest mass M. The 4-velocity of C.M. = W;

P = MW (348)

To measure actually the components of P in any system, one must deal with
the individual particles, and their energies and momenta in that system. But if
they interact, one must also take into account the energy of interaction and its
equivalent mass. This is universally true for every kind of interaction energy: thermal,
electromagnetic, gravitational, atomic, nuclear, etc.

In classical mechanics of collisions we distinguish between conservation of
momentum and conservation of energy (elastic versus inelastic). In Special Relativity
they are components of a 4-vector and must be considered together. No exception
is known. But is was necessary for Pauli (1930) to postulate the existence of the
neutrino to save it.

However: we think that
conservation of total energy is not the same as conservation of the total rest-mass
(proper mass). This contradicts Newtonian assumptions.

There are only two types of entities.
(1) Rest Mass which can be “weighed” by bringing it to rest in some system
(2) massless particles moving with speed ¢, e.g. photons, neutrinos

A hot body weights more than an identical cold one. The relative kinetic
energy of thermal motion has rest-energy and rest-mass. Also: A closed cavity of
reflecting walls containing photons “weighs” more than the same cavity empty.

So: Composite Systems must be considered carefully. Not all of the parts can
be brought to rest in the same frame. Referring to the rest mass of a composite
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system, we mean
E;
Mo =) 2 (349)

of all parts including trapped photons and other “massless” particles.

A bound p* + €™ is a hydrogen atom. It is lighter than the sum of separate
masses of p and e, both at rest, inspite of the e™ motion having kinetic energy which
has mass. This effect is due to the potential energy < 0, which is the difference
between E-M field energies in the two configurations. This E-M energy is associated
with photons having mg = 0.

10.3.1 Radiative Transitions & Decay

This leads us to radiative transitions, which are defined as emission or absorption of
real photons which can be identified separately from other parts of the system, either
at every early or very late times.

h
photon momentum = |p] = —V, E=hv Ip]* =0 (350)
c

Now we consider the generic case of radiative decay of an initial state “mother”
particle with a rest mass My into a final state “daughter” particles with rest mass mg
and a photon.

S: “Mother” Rest Frame S’ “Daughter Rest Frame

® ® — v
() — 4 O ——

In reference frame S (initial “mother” particle at rest) one has

N P, = Pi+11
P = (MOCQ,O,O,O) = (mczv —p,0,0) + (E77p77070)
= (ymoc®, —,/c,0,0) + (£, E,/c,0,0)  (351)

Pro= (Mc, —Ee.0,0) = (moc%,0,0,0) + (£}, £/ /c,0,0) (352)
Conservation of four-momentum gives

S Moc? = me® + E,
S’ Mc = moc* + E; (353)

The Lorentz transformation gives us a way to handle this:
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Lorentz Transform (L.T.)

B =~ (E — Bpe) p=7(p—FE/c)
Apply L.T.

Mc* =~ (Myc* — 530) m,c? = (mc* — B(—E,))

-
El =~(0— pmoc?) 0=~ (—E;/c - ﬂmc)
These yield

B =~ (Ey — BEL)
Bl je=~(Ey/c—BEy/c)

M =My v (1= (22)?) =1 E,=(1-B)E, =
£, = =By Moc? f=—ra

Now inverse 1..T.

E =~ (E"+ Bpe) p=7(+pBEc)

Myc* = ~ (M02 + ﬂE;) mc? =~ (moc® + 3 0)

OZV(E;/C—I—ﬂMc) —E;/c:’y(()—l—ﬂmoc)
These give
El
i (1= (r2)?) =1 = e
B=—r% B, = —Bymoc?

E! = ~v(0 — 8Myc)
E,jc=~ (E;/c—l—ﬂE;/c)

Ey=~v(1+p) L =

There are 12 results from the forward and backward Lorentz transformations.

All four on the photon give the same result:

£, 1-p
B, \i+5
Two give the “definitions”
M m
o "y
Two give
E, 108
b T me T M
so that
ME, =mE

But since M /My = m/mg = ~, This is not an independent result.
The last four relations can be combined with the above to give

Py -p)=1
which is an identity. There remain the conservation relations:
M002 = mc + B Mc* = m002 + E;

One may define
AE = (MO — mo) 02

The system is fully defined by Myc? and AL.
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10.3.2 Radiative Decay Continued

In Mother particle rest frame Sy,

pMother = (MOC2, 0, 0, 0) /C
PDaughter = (]\4002 - Ery, —E,y, 0, 0) /C
Povown = (B, E,, 0, 0) /e (359)

In Daughter rest frame Sy

. Myc*)? — moE MyFE
PMother = ( OC) 2o ) e 7070 /C
V(Moc)? = 2Mo B, /(Moc)? — 2Mo E,
pDaughter - ([(MOC)2 — QMOE'y]l/zv 07 07 0) /C
. MyFE MyFE
PPhoton = i ) > 7070 /C
V(Moc)? = 2Mo B, \/(Moc)? — 2M, E,
\/(Moc)2 —2MyFE, /¢ = rest mass of daughter in its own frame (360)
A convenient path to solving for the various quantities is in terms of My and
AFE is: P |
B=——1 s0 7= (361)
e ST Bfme)
and
My — AE[ = mo = my/1 — (£, /mc?)? (362)
Square this equation
2 2
M = 2MoAE/c* + (AE[¢*)” = m? — (£, /mc?) (363)

Insert m = My — E.,/c?
2 2 2
M = 2MAE [ + (AB[c?) = M3 = 2MoE, /¢ + (B, /mc?)” — (B, /mc*)” (364)
and solve for F,:

IMyE, = 2MyAE — (AE/c¢)’

AE
E, = AE (1 )

I (365)

From this, one finds by substitution the values of 3, v, k!, M, and m. If a solution
in terms of My and myg is wanted, merely replace AE by (Mg — mg) ¢?, obtaining

mo 2 M002
E,=11—-— 366
! ( MO) 2 (366)
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Simplifying Features for Radiative Decay

(1) One may choose all momenta parallel to & and «’. Only a single direction occurs
in one frame.

(2) Conservation of P is in general four scalar equations but only two for simple

radiative decay.
(3) Problem is completely determined: only one possible outcome.
(4) Only two useful frames; no photon rest frame

Although there are very many quantities My, mg, £, v, between Mother and
Daughter particles, AF, total energy of m in M’s frame, Kinetic Energy of each in
other’s frame, 3, 4. There are really only four that define the rest: mq, mo, F,, & V.
A particle emits a photon. One may be interested in the Mother’s or the Daughter’s
frame:

N Sur N Sp
Putial = (mine, 0, 0, 0) Py = (mfc—l—E;/c, —E! /e, 0, 0)
Pﬁnal = (mmc - EW/C7 _EW/Cv 0, 0) Pf = (mfcv 0, 0, 0)
ﬁW = (EW/Cv EW/Cv 07 0) ﬁ = (E;/C, E;/C, 0, 0)
Double Massless Consider decay with both daughters massless (e.g.  photon,

neutrinos)

Although similar, there is an important difference: There is only one special
Lorentz frame - the rest frame of the original particle. Photons do not have rest
frames. In the special Lorentz frame, we have

Piasiat = (moc?, 0, 0, 0, 0) (367)

Pinal = (B, E cosx/c, Eysiny/ec, 0) — (E,,—E cosx/c, —E,sinx/c, 0) (368)
/A

/X::X
_/
/XzZW—X1

that Pinitial — Pﬁnal : 2E’y — TnOc2

This diagram is constructed so

Co8Y1 = COSYX, CO8Yg = cos(ﬂ' — X1) = —C0SX1 (369)

Similarly
StnyYg = —stNY1 = —Siny (370)

We can choose arbitrarily a second coordinate system in which the initial particle
moves in the direction defined by v} with a velocity defined by
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It is evident that (1) and (2) lie in the  — y and ' — ¢ planes (¢» =’ = 0).

| Pinitial|> = |Pfinal|?
(moc®)? = (PlF + P2F) . (PlF + PzF)
= |P1F|2‘|‘|P2F|2‘|‘2P1F‘P2F
= 0+0+2(EF) — piy - pay) (371)

Now piy = E!/c and pis - pay = E}j FEjcosf/c* with 6 the angle between the p'’s.
Thus
(moc®)? = 2B, E5 (1 — cosb) (372)

0

An important use of this relation is to recognize photons from 7% or n° decay against

a background of uncorrelated photons.

In S, 0 =m, E] = F = E and moc? = 2F.

For the individual photons the Lorentz transformation with pec = E, py =
Ecosy, p'e = E', py) = E'cosx’ gives

E' = qE(1 — Bcosy)
E'cosx’ = ~vFE(cosxy — )
E'siny’ = FEsiny (373)

10.4 General Case of Decay into Two Bodies of Any Masses

Consider a system 0 of rest mass mg goes to pieces 1 and 2 having non-zero rest
masses m and ms.

p0:p1+p2 (374)
The rest frame of 0 is S and we label everything with left subscript 0

(0Fo, 0, 0, 0) = (oE1,opic) + (0F2, 0P2¢) (375)
with o Eo = moc?, o E7 = (op1c)* + (myc®)? and oFj = (gp2c)? + (mac?)? Thus

oFo =0 E1 +o L2 (376)
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and

op1 top2 =0 (377)
Denote |op1]| = |op2]| = ¢o, then

ofin = \/(900)2 + (mye?)?
oy = \/(qoc)2 + (magc?)? (378)

Now express conservation of 4-momentum as

PQZPO_PI (379)
and form |P,|:
1B = B+ | PP -2 Py
(mac®)? = (moc®)? + (m1c?)? — [Eolh /¢ — o - (380)

which holds in any frame.
Choose to evaluate Py - Py in frame S, where opy = 0, oLy = mgc? and solve

for £y
0By = (mg +2”;§0_ mg) % (381)
If instead we start with . ~ ~
Po=P— P (382)
we find 9 9 9
o () -

We find ¢¢ from

2 1/2
we = 0B — () = [(m%m%—m%) w]

2m0 (2m0)2

1 1/2
= % [(mg +mj — m%)2 — 4m3mf] c?

c

1/2
_ 2 2 2
g = ma +mi +mi — 2mimi — 2mim; — Zmlmz]

—
= % [( —2mimg — m%) (mg — m% 4+ 2mymsg — m%)]l/z c
|

(m? = (m? +m2)) (m& — (m? —m2))] e (384)

2m0

The speeds of the fragments in S are

go= Vo o dC V(0F1)? — (mic?)? _ \Il_ (m102)2 (385)

& 0E1/C oFn ol
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These velocities are completely determined by Proa = constant; except for the
direction.

We may also evaluate the dynamical variables in the rest frame of particle 1,
Sp. All quantities with left subscript 1.

Py =P — 1Py (386)
Square this to find the modulus gives
|1]N30|2 = |1]N31|2 + |1]N32|2 + 21]51 . 1]52
(m002)2 = (m1c2)2 + (m2c2)2 — [1EuEz/C2 — D }72]
me = mlf +m2 + 2my By )
1By = % (m?J — m% — m%) 2 (387)
Similarly,
1
o= 5= (mg +mi —m3) (388)

and of course
1By = myc?
10.4.1 Examples:
Consider the nuclear decay
02U — oo Th** 4+ ,He? (389)
and electron scattering

¢~ 4+ Hg — e Hg Elastic
+ Hg — e Hg” Inelastic (390)

The changes in total proper mass contradicts Newtonian mechanics directly.

10.5 Two-Body Initial State

The two body initial state is a binary collision. Initially, two independent systems,
I and 2. The final state F' may have 1, 2, or many “particles”. We start with the
4-momentum £, of F'.

N

e N
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The second schematic is just the first with the arrows reversed.

P1—|—P2:p0 (391)
The frame S; is the center-of-momentum frame of the colliding particles. m*c?
is their total energy in S;. We are using an * (asterisk) for quantities in this frame.
(m*c2 — E*)
% 1 %
By = gz (B9 4 (mye?)? = (mye?)?) (392)

foryj=1, k=2orj=2, k=1.

(m*)? + m? — m; )

b= S ¢ (393)
1 4 4 4 w22 ¥\2. 2 2 2\ 1/2
G = 5o ((me) i + g = 2(m™) i = 2m”)m3 = 2(ma)*m3)
- 2;* ([(m™)* = (1 + ma)?] [(m™)2 = (1 — mz)Q])”2 (394)

In many experiments one of the two initial bodies is at rest in the laboratory
frame; it is useful to find the components of P in its frame, say that of 2. Squaring

P0:P1—|—P2y161d8

(m*)* = mg +m3 + 2my(:£1) /&, (395)
ot (m*)? 2 2
m*)* —mj —m
by = 1 2 396
= (396
By squaring P, = Py — P, yields
m} = mg +m3 — 2my(2 o)/, (397)
From these the momentum magnitude |351| = |2p0| can be found by
(pe)? = B — (me)? (395)

We can evaluate m* in terms of the quantities in frame S5:

2
(m*)? = (2B + 2E2)2 [t — (o1 + 2ﬁ2)2 /¢t = (2E1 + m202) [t —api?/ct (399)

or

(m™)? = mj] +mj + 2mea By /¢ (400)

Which is identical the equation for | Fjy.
The beam particle kinetic energy is

2KE1 = 2E1 — m1c2 (401)
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so that equation for m* is
(m*)? = m} + mj + 2my KEy/c? (402)
To transform between Sy and S; we need the relative velocity

8= vy = lop2|c _ (1p2 + 0)c
olfs 1By + mac?

(403)

This can be found in terms of either the beam momentum or the beam energy by
using

1E22 = 1]32202 + (m102)2. (404)

10.5.1 Two Body Initial States: Summary

General Features:
(1) A unique direction is defined in the intial state momenta. If another direction
enters in describing the final state, an element of simplicity is lost.
(2) The conservation of P involves four scale equations of constraint. If only two
particles come out, this second defined direction and the intial one define a plane
which may be taken as the # — y plane equal to the 2’ — y’ plane and the four
equations reduce to three.
(3) If only one particle comes out the problem is completely determined. Retudes to
the previous problem of one in and two out, reversed. If two come out, three more
quantities are unfixed. These may be take as

(1) mass ratio of daughters

(2,3) their directions (opposite: 6, ¢) in the c.m. system of the incoming pair.

These last two are on a different footing: Totally undetermined by the general
conservation of 4-momentum. so, if the final rest-mass ratio is given, the problem is
fully defined and all directions in the c.m. system are equally valid as to conservation
of P. There may be additional physics that relates to the relative directions.

10.5.2 Special Cases of two-body initial states

(1) One body final state

(2) Elastic Scattering (same two bodies in final state)

(3) Inelastic Scattering - two body final state

(4) General Case: many final bodies

(1) One body final state Completely inelastic collision where the two bodies stick

together. This can happen only, if there exists an excited bound state of 1 and 2 with

just the right rest energy, to allow conservation of both energy and momentum.
Consider the head-on collision of two putty balls. Conservation of three

momentum p yields

0 = y1myv1 + y2mave = Yomovo (405)
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which works only if vy = 0 and thus v = 1. The time-like part of the 4-vector P
conservation is energy conservation

Y1y + Y2 = Yoo = My
my + KE /¢ +mq + KEy /&2 = my;
mo = 1Ty +m + 2 + (KEl + KEQ) /02 (406)

Macroscopic kinetic energy is converted to chaotic internal energy (heat), contributing
to mg and thus to inertia.

(2) Elastic Scattering Two bodies come in and the same two come out of the scattering
process. 1 + 2 — 1" 4+ 2": my = my, & my = may.

Four-momentum conservation in the C.M. frame S gives the sum of the two

input 3-momenta and the sum of the two output momenta are zero, p; + po = 0, and
P+ par = 0. And thus |p] = ¢o. So all four momenta vectors can be drawn as:

5
opP1!

P

opP2 0ﬁ1

oP2!

Quantum field theories gives ways of calculation the distribution function for x
and also 1; but Piota+ constant. Only reduces the number of independent variables
by 4.

10.5.3 4-Momentum Transfer
Define the 4-momentum transfer A or sometimes Q as

AEPll—Plsz—pzl (407)
The 4-momentum transfer is useful, if we regard the interaction as in two steps as

shown in the following figures were are generic Feymann diagrams:
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! 1
i 2
2 2
P I’
Let us evaluate A - A, the four-momentum squared

AA - |p1/|2—|—|p1|2—2P1/-p1
= (me)* + (mic)® = 2 (B By /e + pu - )
= 2 ((mlc)2 — (1 Eo/c)? + qgcosox)

= —2(g — gicosox)
= —2q¢ (1 — cospx) (408)

The four-momentum transfer A is a space-like vector (|A|2 < 0. It is usually defined
with the opposite sign to the convention that I use here but is space-like.

For a grazing collision oy — 0, so [A]* — 0.
For a head-on collision, gy — 7 so |A]? — 4¢2.

A simpler derivation is:

pv A
oX
P
A
S = psin (%) : (109)
A? = 4p?sin? (%) = 2p* (1 — cosoX) (410)

Since |A|? is linear in cosg Y, equal intervals of |A|? correspond to equal intervals

of solid angle in the C.M..
Because |A|* is a Lorentz invariant, we may calculate its value in any frame.
Do so in Sy, the rest frame of particle 2.
AP = B+ Py’ 428 - Py
= (mac)® + (mac)® + 2 (EeE2//02 — P2 ‘}72/)
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= 2(m20)2 + 2 (szQ/ + 0)
= 2m2 (Erestenergy - Etotal)
= QmQQKEz (411)

The last, sKE; is the laboratory kinetic energy acquired by the struck particle — the
particle that was previously at rest in the lab.

If the final velocity is < ¢, then ;KE; o~ |57, |?/(2my), so that [A]? ~ |ypa]?;
square of the four-momentum transfer is approximately the square of the 3-momentum

transfer.
10.5.4 Cross-Momentum Transfer
The 4-momentum transfer was defined as

A pll—Plzpz—le

AL 1) = —A(2,2) (412)

These had an arbitrary sign choice, since one particle gains and one loses.
We can also define

A(L2) = —-A@2,1) X
— PQ/—P1:P1/—P2 (413)

The calculations are similar, resulting in
IA(1,2)]% = (myc)? + (mac)? — 20F50F, [ 4 2¢2cos(mox) (414)

This has a maximum when the first A|? is minimum and vice versa; since it varies
linearly with the opposite sign of cosgy.
In frame 955,

IA(L 2 = (my — my)?? — 2my, KEy, (415)

Where the last term 3KE;/ is the lab kinetic energy of the “incident” particle after
the collision.

The basic variables in elastic scattering are: mg and |A[?>. They are analogous
to F, [ instead of b,v in Coulomb scattering.

: "

b impact parameter .

The 4-momentum transfer A is useful for:
(1) For kinematics in general
(2) Corresponds to model of process for exchange of a virtual particle or when the
initial particle carries “identity”, e.g. electric charge, spin direction, etc.
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10.5.5 Inelastic Scattering: 2 in, 2 out

Two particles in and two particles out but with my # mq and my # mo.

In C.M. system the incoming particles have equal and opposite momenta
with magnitude ¢o. In C.M. system the outgoing particles have equal and opposite
momenta with different magnitude ¢(. ¢f can be less than (exothermic) or greater
(endothermic) than ¢o. The results change from the earlier two to two elastic case:

1

o = % (m(zJ + m%, - m%,) ¢ (416)
which is now not equal to
1
b = e (m?J +m] — m%) ¢ (417)
also same with 1 — 2 and 1’ — 2’. Also
1/2
% = e [mé +mi +my — 2 (mgm%, +mimi + mglmg)]
1 4 4 4 2,2 2,2 2, 2\]1/2
#qo = 20 [mo +my +my —2 (m0m1 +mim; + mzmo)] (418)

As mg decreases, qo and ¢ decrease. If ¢ < qo, it will arrive at zero first. Then for
further decease of mg (smaller initial total energy), the reaction cannot occur. (One
finds an imaginary ¢;.)

We may factor ¢ differently:

1/2
i % [(mg — [my + m2/]2) (mg — [m1 — m2/]2):| c (419)
So the threshold is when the first ( ) reaches zero for
Mo threshold = 1M1/ + mys (420)

At that point there is just enough total energy to make the two final rest energies,
but none to give them any kinetic energy.

There are many expressions for a threshold: e.g., if particles 2 is fixed in the
laboratory reference system S5:

1
2 KE1 threshold = e [(my + ma)? — (my — m2/)2] ¢ (421)

Which can be derived from the equation
mg = (m1/ + m2/)2 + 2m2 2KE1 (422)

Then there is the momentum and cross-momentum transfer. There are many
more relations which can be derived. An example is

|A(1, P = (mye)* +(mie)* =2(o E1) (0 Fh) /2 +2q0ghcos(0X) = (ma—my)*c?+2mq ;KEy
(423)
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10.5.6 The General Case with > 3 Final Particles

One may proceed by grouping into two system, then breaking each system down.

Consider N = 3.

1+ 2 + 3

1+ 2
1+ 2 1 +2) + 3 (424)

In this case we group particles 1’ and 2" into a composite particle in some other frame
moving with momentum p, where p then decays to 1’ and 2’. This is a lot of work.
What is simple? Nothing, except thresholds.

The parsimonious (energy efficient) was to make anything (in terms of energy
expended) is to make it at rest.

mo threshold = ml/ —I_ m2/ —I_ e —I_ mN/ (425)

The threshold energy is the sum of the rest masses in the final state and mg threshold =

(Z Ei/cz)initial state
10.5.7 Colliding Beams
Consider two equal energy beam colliding colliding in the laboratory frame L.
C.M. Energy = 10 threshold = LE1 + LE2 (426)

Suppose each beam particle has 30 GeV: myc* = 60 GeV.
What is the equivalent accelerator laboratory energy (p, p) for a target at rest?

60 = \/2(1 + ELab); ELab = 1800 GeV (427)

The colliding p-p beams at CERN 20-30 GeV each. Several labs collide e on e:
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11 Radiation From Accelerated Charge

11.1 Introduction

You have learned about radiation from an accelerated charge in your classical
electromagnetism course. We review this and treat it according to the prescriptions
of Special Relativity to find the relativistically correct treatment.

Radiation from a relativistic accelerated charge is important in:
(1) particle and accelerator physics — at very high energies (v >> 1) radiation losses,
e.g. synchrotron radiation, are a dominant factor in accelerator design and operation
and radiative processes are a significant factor in particle interactions.
(2) astrophysics — the brightest sources from the greatest distances are usually
relativistically beamed.
(3) Condensed matter physics and biophysics use relativistically beamed radiation as
a significant tool. An example we will consider is the Advanced Light Source (ALS)
at the Lawrence Berkeley Laboratory. Now free electron lasers are now a regular tool.

We will need to use relativistic transformations to determine the radiation and
power emitted by a particle moving at relativistic speeds.

Lets look at the concept of relativistic beaming to get an idea before we go
into the details which require a fair amount of mathematics.

o 2

(b)

2=

Y

2=

(c) g
Radiation from an accelerated relativistic particle can be greatly enhanced.

Part of this effect is due to the aberration of angles and part due to the Doppler
effect.
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11.2 Plane Wave Electromagnetic Field

At long distances from accelerating charges the radiation field components of F'*¥
dominate. They are related to the acceleration and satisfy all the properties of the
plane wave electromagnetic field:

Hpw = x Epw, #-Epw =h-Hpw = Epw - Hpw = 0 (428)

wheren is the direction of propagation. At shorter distances the components of F'*¥,
which do not depend on acceleration, dominate. Specifically, - £ # 0.

11.3 Doppler Effect

From time dilation we are used to the notion that a moving clock or system operating
at frequency v’ in its rest frame will appear to be slower to a reference system.

At = At (429)
so that if the period in the rest frame is 6¢' = 1/v/, then
v="uv'/y (430)

The factor leads to the relativistic transverse Doppler shift. The frequency shift one
would observe for a clock or system moving transversely to the line of sight.
Thus the time between wave peaks (crests) or pulses is

At =~Al =L (431)

l//

Observer

f in observers frame

v
e a—]

If the sources is moving at an angle # to the observer’s line of sight, then the
difference in arrival times, At 4, of successive pulses or crests is

d
Aty = At—==AH1 - Zcost)

C C
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v

~
= ;(1 — Zcosﬁobs) (432)

Vobs

which when inverted or multiplied by ¢ yields:

l//

(1 — %cos@obs)

Vobs =

Aobs = YA (1 — Bcos@) (433)
c

11.4 Radiation by an Accelerated Charge Near Rest

In 1897 Larmor derived the formula for the radiation by an accelerated charged
particle. He found for the power and angular distribution:

_ 2. dp ¢ E

P = . — =
3c3a “ dQ)  Axc

51?0 (434)
where © is the angle to the direction of acceleration. It is our task to find the
relativistically consistent and correct version of these formulae.

We can rederive the Larmor formula for your education. We consider the
electric field to be a real physical entity that points radially back to a charge at rest.
It we go into a moving frame, the electric field lines will continue to point radially
back to the instanteous position of the charge. The transformation of the electric field
works out precisely that way. The Lorentz-Fitzgerald contraction along the direction
of motion causes an increase by the factor 4 of the transverse component of the field.
Gauss’s law continues to hold in that an integral over a closed surface, such as a
sphere, gives the net charge within.

Now if a charge is diverted from uniform motion, then by our earlier arguments
about causality, the electric field lines out at radius R can not be effected by that
change from uniform motion until a time t = R/c later. (In fact we expect that the
electic field lines will change at the speed of light since light is an electromagnetic
phenomenon.) Thus at a time ¢ after a brief 6t = 7 disturbance (change from one
state of uniform motion to another - also called acceleration) there is a critical radius
R = ct. Inside of radius R — ¢7 the electric field lines point radially to the new
instanteous position of the charge and outside of radius R + ¢7 the electric field lines
point radially to the virtual instanteous position of the undisturbed charge. The
virtual instanteous position is where the charge would have been had it not been
disturbed. There is a near discontinuity in the field lines where they must make a
jaunt nearly perpendicular to radial. Nearly means that the angle between the field
line and perpendicular to radial is of order ¢7/vt where v is the velocity change due
to the disturbance.

Consider: a charge moving with velocity v < ¢ abruptly, at time ¢ = 0, is
decelerated at a constant rate a until it comes to rest.
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Att=0,z=0and at t =7, 2 = v,7/2.

Now consider fields at a time 5 > 7. At a distance r > cty, the field will be
that of a uniformly moving charge, emanating from the “virtual present position” (the
point where the particle would have been, v = wvot, if it had continued unaccelerated.
At a distance r < ¢(ty — 7), the field will be that of a charge at rest with @ = v,7/2.

There is a transition region which is nearly a spherical shell (v, < ¢) A
particular field line L defines a cone of angle, #, inside, which contains a certain
flux. Its continuation L’ defines another cone which must contain the same flux by
reason of Gauss’s law relating the field flux and the enclosed charge. Thus 6 =  and
L' is parallel to L.

Consider the portion connecting these two regimes.

163



The radial component of the electric field, £, must be the same in the shell as
just outside of it on either side (Gauss’s law).

B =L__9 _ 435
2 cetgr (cty)? (435)

By the geometry of the situation

Ey  v,lpsind

-0 Zonjetty 436

E. cT (136)

B, = votfsinGET _ vlgsind g _ qvosinﬁ‘ (437)

cT et (cty)? Aty
Now ¢ty =r, and a = v,/ts, so that
gasinf
B, = 438
) = (135)

The significance of this result is that Ey oc 1/r while E, oc 1/r%. At a large distance
the tangential electric field Fy will dominate.
From our general knowledge of varying vacuum fields we know that there will
be a component of B of strength equal to E and perpendicular both to E and 7.
The energy density (energy per unit volume) in the transition layer is

Energy Ee By Eg _qPasin’0
2

(439)

- Volume 87 87  4x  4wctr

The volume of the shell is it area (47r?) times its thickness (c¢7) and the average of

sin?0 = 2/3,

2 1 1 1 1
< sin?f > = 4ﬂ_/ / sin? ;cosﬁ 5/_1 Sinzed(cose) = 5/_1(1 — xz)d:zj
= = (110)

2( 3
so that the energy in the transition layer is

E _ gq2a27_

3 3

The radiated power is then the energy per unit time:

P:gq2a2

3 3

(441)

which is precisely the formula derived by Larmor in 1897.
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11.5 Radiation from Circular Orbit

Suppose that @ L g, giving motion in a circle and that v > 1:

insert figure: Reference frame S Laboratory and reference frame S’
which is the electron instantaneous rest frame

two column .

The laboratory reference frame S has B perpendicular to the plane of the

circular orbit (B, = B, =0, and B, = Band F =0

2
F=e|ix B =18 (442)

7

By transformation law F/ = =23 F
column 2 Transform fields:

B = (E — 3B) (143
or more precisely
)
> (0 + @UBZ(_éy))

— sne, (1444)
Thus . .
F =(—e)E' = +3vqBé, = m,d (445)
Thus B
o= 1 (446)
my

The power emitted is

p_ gq2a2 _ 26272q4B2

3 ¢ 3 m2c

(447)

This is the correct relativistic form! because P is energy per unit time and each is
the 0-component of a 4-vector!!

To make a relativistic generalization we employ the concept of covariance.

The Poynting vector is the 0-0 component of the electromagnetic stress tensor
and the radiated electromagnetic energy is the 0-component of a Lorentz 4-vector.
Time is the 0-component of a Lorentz 4-vector. So the ratio energy per time is an
invariant.

Can one find a Lorentz invariant that reduces to Larmor’s formula as § — 07
If so, it will be the correct relativistic formula! Is it unique? Yes, if we require it to
involve only 5 and dﬁ /dt and not higher powers.

How is one to construct it? Non-relativistically,

dv 1d_p

E_modt

(448)
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So the Larmor power is

3m2c \dt dt

_2c (d—p dp) (449)

To get an invariant, experience tells us to substitute dr for dt, i.e. dp/dt — dp/dr,
and add the fourth component:

dp dp _ (dE di\*
dr dr ( dr ) — e (dT) (450)
Notice that
EdE = *pdp (451)
So ,
dE pe)? mue
(“2) = S = () = (152)
So that ,
1 dp, dp, o [ dp
B A e I - 4
c2|d7'| |d7'| g dr (453)
Giving
2 €2 dp ?
P=- 2 — 454
3m?2e3 [| " - (dT)] (454)

It is possible to write this in many ways. One way is

=200 [ - 13 (455)

11.6 Power and Angular Distribution Summary

We can calculate these in a consistent way by using these formula as correct in the
rest (primed) frame of the electron and transform the accelerations (forces), angles,
frequencies, etc. into the laboratory frame. What we need is to show that powe is
a Lorentz invariant P = P’ for any emitter that emits with front-back symmetry
(zero net momentum) in its instantaneous rest frame. To do this we make use of the
invariance of @ - @ which is zero for all systems.

du 1d 1d
a-u=—- u=—-——ulu,) = =0
dr 2dr a7 ) = 2dr )=
This is a consequence invariance of the speed of light and four-vector velocity.
In the zero net radiation momentum (in instanteous rest frame) case a-a = @-d
since in the rest frame ag = 0. Thus the power can be evaluated in any frame can be
found by computing the acceleration in that frame and squaring it.
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22 24>
P = —333 a-a = —333 (a'f + a|'|2)
2q2
= —303 74 (azL + ’yZaﬁ) (456)

where @, is the acceleration perpendicular to the motion of the charged particle and
a) is the acceleration component parallel to the charge particle motion. In the last
line we have made use of the transformation of accelerations a|’| = ~?q and o/, = ~v%ay
evaluated in the instantaneous rest frame (primed) of the electron. Note that there
is a factor of ~ difference in the transformation of accelerations perpendicular and
parallel to the direction of motion. This translates into a difference between v* and
7 in the perpendicular and parallel cases.
We get a similar expression for the angular distribution:

dP ¢ dl +7%q)
dQ  4rc3 (1 — Beosh)

45in2®’ (457)
We are making use of the conversion

dr 1 dP’
dQ 41 — Beosh)* dSV

Evaluation for perpendicular and parallel cases yields:

dP, B q*a’ 1 ! sin?fcos?¢
dQ B 4re® (1 — Peosh)? Y21 — feosh)?
dq%at g1 —29%0%*cos2¢ + 161
>l R T3 (1 + 7202)6 (458)
22 2 dag?a? 202
il _qgaer  sm 4 P q a||710 770 (459)
dQ) dre® (1 — feosh)® 7ed (1 4+~262)8

Note the large powers of v 8 and 10 which shows the seriousness of the
relativistic effects. Before we follow this up in detail, we review radiation near the
rest frame of the emitting particle.

11.6.1 Case I: acceleration parallel to motion

Consider 5 I 5; acceleration parallel to motion 5 X 5 = 0. Recalling that
2=1-—1/4% then

55213;
v

_L 32 _ Y
6_573’ ’ 3248
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where the conversion makes use of the relations

() = -1

digy) 1 2vy
it 2y/47-1
a0
. (462)

_ Ei( 2 )
 wdt \m,c?
1L d& 1 dE

mycodt — m,e dr

@[

(463)

P 2¢e?/my,c* dE
dE/dt 3 myc? dx
So that the power radiated compared to the energy change per unit distance is

poic (dE)2 (465)

3m2e3 \ dx

(464)

Now we can compare the radiated power with the acceleration power

P 2 /m,*dE[dx dE
dE/dt 3 m,c? dE/dt dx

(466)

Note (dE/dx)/(dE/dt) ~ dt/(cdt) when 3 ~ 1. The ratio of powers, radiated to
acceleration, is negligible unless energy gain in 2.8 x 107! cm is of order of the rest
mass - i.e. for an electron~ 0.511 MeV.
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11.6.2 Case II: acceleration perpendicular to motion

Centripetal acceleration: 5 1 5 a= cg and v = cg.
insert figure / diagram to show vector directions
Then in the relation to find the rate of change of the energy-momentum four-

vector )
1 (dF | dp |2
c2 \ dt dt

E/dt = 0; since Fl U, so that no work is being done on the particle. Then

2 €2 dp
P=—- =2 467
3m,c? d7'| (167)
and Ji
p =
— 468
|51 = el (468)

where w = f¢/p is the orbital angular frequency of an orbit with radius p. One can
derive this relationship

d d dt
p p p
dp
— =w
a ~ 7
Thus
Be
w=—
p
Now we can move on to the power loss rate
dt
dr = — p = fymc
v
2 &€ 5 o5
P o= 3z ¥ 7]
2 ¢ Bey o 2
= gmgcg) (7) 7" (Byme) (469)
2 e?c
P =-"_p% 470
3200 (470)

The energy gain for a particle per turn in an accelerator is

P
OF =2mp— (471)
v
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The radiation loss is

2
1= T g (472)
3 p
In practical units

E/1 GeV)?
§E/(1 MeV) = 8.85 x 10-2 /L GV (473)

p/(1 meter)

The power radiated by a bunch of electrons

Power/(1 watt) = 10°[6 /(1 MeV turn)][J/(1 amp)] (474)

provided the radiation is incoherent.
Aside: How to get these practical unit relations:

A 2 3 4
—?;5’7

Start by putting # = 1. If § is not very near to 1, then one gets negligible radiation
power.

oK

B B(in GeV)
7T e T 0511 MeV
2 2 o 2 o 2 511 M
£ ch — g, oC = (2.8 x 1071° Cm)u
P mec? p P p (in cm)

and the conversion from p in cm to m is peyn = 100p,,. So that

—~13 : 4
SE — 4m 2.8 x 10 0.511 [E(m. GeV)] MeV
3 100 (5.11 x 10=4)4 p (in m)
E( 4
= [8.85 « 1921200 GeV)F ] MeV
o (i m)
E( 4
— se5l B GV oy (475)
o (i m)
Giving the conversion used above.
OF t
Power = X u x Number of electrons
Flectron turn sec
V 2mpJ  OF xJ
2rp eV €

Power (in kW) = 88.5[F(in GeV)]*J (in amps)/R (in m)
= 26.5[E(in GeV)]’B (in teslas).J (in amps)

SE (in MeV) 5/ (in MV) (476)

€

Now Some Numbers and History E.O. Lawrence invented the cyclotron
and the first was built here at Berkeley. Later his colleague Edwin McMillen (and
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Table 3: Parameters for Sample Accelerators

Accelerator LBL Cornell LHC ALS FermiLab SSC Elo
Max. Energy (GeV) 0.3 10 45 1-2 1000 20,000 10*
Particle e e e e p-p p-p p

B (Tesla) 0.33 0.135 1.248 4.4 6.6 7.7
Radius (m) 1 100 4249 1000 11.7km 50 km
Bending R (m) 4.01 10.1 km

Beam Current (ma) 400 73 100
Single Bunch (ma) 1.6 0.00167
E-gain/turn (MeV)  0.05 10.5 350 1 5.26
E-loss/turn (MeV)  0.001 8.8 0.112 0.001 18
Synchrotron Power 45 kW 9.1 kW 1.8 MW
RF Power (kW) 16000 300 1600 61000
RF (MHz) 713.94 352 500 53.1 374.74 412
Harmonic 1800 31324 328 1113 103,680 146500
Beam lifetime (hrs) 14 4 ~24 48
Fill time 30 min 2.1 min 40 min 4 hrs

independently in the Soviet Union by V.I. Veksler) invented the idea of phase stability
which made the synchrotron possible.

Synchrotron radiation was first observed in a laboratory in 1947. That
laboratory was in Berkeley.

Early Synchrotrons:

First synchrotron was operated with 8 MeV electrons in 1946 by Goward and
Barnes in Woolwich Arsenal, UK. In 1947 GE labs operated an electron synchrotron
at 70 MeV. Soon after there were many operating.

An early synchrotron at Berkeley had a radius of about 1 meter and a
maximum energy of about 0.3 GeV. The synchrotron radiation 6 F,,., ~ 1 keV /turn
could be noticed. The acceleration voltage was only a few keV /turn.

At big electron synchrotron was built at Cornell and operated at 10 GeV .
The radius was about 100 meters. It encloses a football field. The magnetic field was
B = 3.3 kG (0.33 Tesla). The accelerator voltage was about 10.5 MeV /turn and the
synchrotron losses were 6 F,,4 ~ 8.8 MeV /turn.

LBL Advanced Light Source is designed to provide synchrotron radiation as a
tool for research.
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11.7  Synchrotron Radiation Basics

Consider the non-relativistic case of a charged particle in a circular orbit caused by a
magnetic field. That particle will radiate electromagnetic waves at a frequency given
by the orbit frequency (or the Lamor frequency)

qB qB
me 2rme

wr,

due to the acceleration of bending in the magnetic field. As the particle’s energy is
increased relativistic effects will become important. For the same orbit the particle
will both begin to radiate more energy and at more frequencies - which are at the
orbit frequency and its harmonics. The peak power will be emitted at a frequency
which is at & 4 times the orbit frequency. In the next sections we will understand
this.

11.7.1 Synchrotron Emitted Power

To find the total emitted power we can use the Lamor (1897) formula

2¢* Ly 24 4, 2 2
Pemitted = §C_3|a0| = §0_37 (CLJ_ + i Cl”)
where d, is the particle acceleration in its instantaneous rest frame and the right hand
side of the equation uses the acceleration transform law from the particle rest frame.

dE —
S
a
and since F/ = 0 we have v = constant.
. 4P d 4
F=—=—(ym,V) = qvxB
With v = constant,
d/l_)) —
o= = qUXB
VMo = qU
Thus p p
il VL 1 ~ B
— =0 — = x B
dt ’ dt Ym, L
We can conclude |v)| = constant and |vi| = constant. We have uniform circular

motion of the projected motion on the normal plane. That is a simple helical motion
around the uniform magnetic field.
The frequency of rotation or gyration is
qB

wp = ’ - ] = WBV]
YM,C
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Note that the gyration (orbit) frequency is the Lamor frequency divided by ~.
We can now evaluate the transformation of the Lamor formula for the power

radiated since we know a; = wpv, and @) =0
2
_ 29_74(4)21)2 _ Ef 2 4B 0?2 — 261432 2,2
33 TBL T 33 ymee) T 3 m2e Tt
2
= 3rocﬂJ_72B2

= Zﬂi’yzcaTUB = ZﬂQ’yQCUTUBSinza
where r, = e*/m.c* is the classical radius of the electron, oy = 87r2/3 is the Thomson
crossection, Ug = B?/8r is the energy density of the magnetic field, and « is the helix

pitch angle (angle of the gyrating particle with respect the magnetic field lines). This
is the relativistically correct form that we saw previously.

11.7.2 Synchrotron Radiation Frequency Spectrum

First we consider the frequency distribution of a monoenergetic distribution, i.e. we
consider the radiation from a particle at an energy F corresponding to «v. When the
particle’s energy increases (as vy grows larger) the aberration of angles moves most of
the radiated power into a cone of half angle Af ~ 1/~ in the instantaneous direction
of motion of the particle. Thus an observer will see a pulse of radiation whenever the
particle’s instantaneous velocity sweeps past his direction. This will happen once per
orbit. This pulse will be narrow both because the aberration of angles and because of
the time dilation and Doppler effect. Since the relativistic particle is moving towards
the receiver (observer), the received pulse is sharpened (compressed in time) by a
factor of order v~2. The time compression goes at

dt
d—:1—5c050~1—5+A02/2—>7—2
-

where the limit comes for v > 1 since = /1 —1/4% — 1 —472/2 and A#?*/2 ~

Thus the observer will see a pulse every orbit with width v=2 of the pulse
separation. Fourier theory tells us that the signal will appear at the orbit frequency
and its harmonics and that the power will peak at a frequency which is near y*vr,
(where v = wr, /27 = ¢B/m.c).

For a magnetic field B = 10™° Gauss, which is a typical value in the Galaxy
and many powerful radio galaxies, vy, = 28 Hz. The electrons that produce emission
at radio frequencies of a few GHZ therefore have Lorentz factors v ~ 10%> — 10*. The
spacing between successive harmonics is vg = v, /7, for very high ~ this spacing is so
narrow as to negligible for all but the highest frequency resolution observations. In
astrophysical sources, this is often blurred and smoothed by variations in the electron
energy (a power law spectrum) and by variations in the magnetic field intensity and
direction.
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11.8 Astrophysical Synchrotron Radiation
11.8.1 Historical Note

Although nonthermal radiation had been observed from the Galaxy from the opening
of radio astronomy in the pioneering work by Karl Jansky in 1933, there was no clear
evidence of its origin. In 1950 Kiepenheuer suggested that Galactic nonthermal radio
emission was synchrotron radiation and Alfvén and Herlofson proposed that non-
thermal discrete sources were emitting synchrotron radiation. Kiepenheuer showed
that the intensity of the nonthermal Galactic radio emission can be understood as the
radiation from relativistic cosmic ray electrons that move in the general interstellar
magnetic field. He found that a field of 107® Gauss (107'° Tesla) and relativistic
electrons of energy 10% eV would give about the observed intensity. The early 1950s
saw the development of these ideas (e.g. Ginzburg et al. 1951 and following papers,
see Ginzburg 1969) that synchrotron emission was the source of non-thermal “cosmic”
radiation. This model was later supported by maps which showed that the sources of
the non-thermal components were extended nebulae and external galaxies and by the
discovery that the radiation was polarized as predicted by theory. The synchrotron
theory is widely accepted and is the basis of interpretation of all data relating to
nonthermal radio emission.

11.8.2 Context

Synchrotron radiation is a common phenonmen in astrophysics as there are almost
always plasma and magnetic fields present and energetic electrons. Because of
stochastic scattering processes, the energetic electrons tend to be isotropically
distributed.

For an isotropic distribution of velocities one needs to average over all angles
for a given speed . If « is the pitch angle, the angle between the magnetic field
direction and the particle velocity, then

< B >= %/Sinzadﬂ

Thus
2\ 5 a4 2.2
P = (g) ricf*y B = gaTcﬂ ~*Upg

where op = 87/3 r2 is the Thomson cross section and Ug = B?/87 is the energy
density in magnetic field.

Electrons of a given energy (F = ym.c?) radiate over a wide spectral band,
with the distribution peaking roughly at v. ~ 16.08( Beg/uG)(E/GeV)* MHz, with
a long low-power tail at higher frequencies, and most of the radiation in a 2:1 band
from peak. The peak intensity is at V0, = 0.29v, = 4.6( Beg/puG)(E/GeV)? MHz.

The radiation from a single electron is elliptically polarized with the electric
vector maximum in the direction perpendicular to the projection of the magnetic
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field on the plane of the sky. Explicitly the total emissivity of a single electron via
synchrotron radiation is the sum of parallel and perpendicular polarization

B V3eBsina

j(v) = F(x) (477)

1672¢epem.
where « is the electron direction pitch angle to the magnetic field B and F(x) =
x [ Ks/2(n)dn is shown graphically in Figure 77,

The quantity « is the dimensionless frequency defined as ¢ = w/w,. = v/v.
where w. and v. are the critical synchrotron frequencies. An electron accelerated by
a magnetic field B will radiate. For nonrelativistic electrons the radiation is simple
and called cyclotron radiation and its emission frequency is simply the frequency of
gyration of the electron in the magnetic field.

However, for extreme relativistic (y >> 1) electrons the frequency spectrum is
much more complex and extends to many times the gyration frequency. This is given
the name synchrotron radiation. The cyclotron (or gyration) frequency wp is
oy = 4B (478)

yme

For the extreme relativistic case, aberration of angles cause the radiation from the
electron to be bunched and appear as a narrow pulse confined to a time period much
shorter than the gyration time. The net result is an emission spectrum characterized
by a critical frequency

3v2¢B

mc

w, = 572w33ino¢ = SN (479)

To understand the astrophysical radiation, one must consider that cosmic ray
electrons are an ensemble of particles of different pitch angles o and energies FE. It
can generally be assumed that the directions are fairly isotropic so that integration
over pitch angles is straightforward.

The next step is integration over electron energy spectrum to determine the
total synchrotron radiation spectrum.

If the electrons’ direction of motion is random with respect to the magnetic
field, and the electrons’ energy spectrum can be approximated as a power law:

dN/dE = NoFE7?, then the luminosity is given by

3e3 3 (p=1)/2
1(v) fe( ) INGBGE ), (130)

8rmc? \4drm3e

where a(p) is a weak function of the electron energy spectrum (see Longair, 1994, vol.
2, page 262 for a tabulation of a(p)), L is the length along the line of sight through
the emitting volume, B is the magnetic field strength, and v is the frequency.

At very low frequencies synchrotron self-absorption is very important as
according to the principle of detailed balance, to every emission process there is

175



a corresponding absorption process. At the lowest frequencies synchrotron self-
absorption predicts an intensity that increases as o v/5/2.

The local energy spectrum of the electrons has been measured to be a power
law to good approximation, for the energy intervals describing the peak of radio
synchrotron emission (at GeV energies). The index of the power law appears to
increase from about 2.7 to 3.3 over this energy range (Webber 1983, Nishimura et
al 1991). Such an increase of the electron energy spectrum slope is expected, as the
energy loss mechanisms for electrons increases with the square of the electron energy.

The synchrotron emission at frequency v is dominated by cosmic ray electrons
of energy F ~ 3(v/GHz)'/? GeV. The range of energies contributing to the radiation
intensity at a given frequency depends on the electron energy spectrum: the steeper
the electron distribution, the narrower the energy range (Longair 1994). For the case
of most of the Galaxy, this range is of order 15 to 50. The observed steepening of the
electrons’ spectrum at GeV energies is used to model the radio emission spectrum at

GHz frequencies (e.g. Banday & Wolfendale, 1990, Platania et al. 1998).
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11.9 Free electron Lasers

The Free Electron laser (FEL) is a classical device that converts the kinetic energy
of an electron beam into electromagnetic radiation by passing it through a transverse
periodic magnetic field (called the "wiggler”). In contrast with conventional lasers,
the radiation of the FEL is not constrained by the discrete energy levels that fix the
wavelength of emission. The wavelength of FEL radiation depends mainly on the
wavelength of the periodic magnetic field and the energy of the electron beam. High
peak powers and its large range of operational wavelengths make it a laser of the
future. A simple schematic representation of the FEL is given in the following figure.

A key feature is that the FEL is a true laser producing coherent radiation.
Coherent radiation happens when the FEL is biased in the resonant condition. This
leads to an effect where the electrons bunch more tightly so that they radiate as
a single coherent bunch. For N electrons acting independently, the radiation is
proportional to Ne?. If the N electrons act coherently, as if a single particle, then
the radiation is proportional to N%e?.

One could seed the laser with an electromagnetic wave for specific applications
but to have a completely tunable laser, generally the FEL operates on the principle
of a single-pass free electron laser operating the self-amplified spontaneous emission
(SASE) mode. Electron motion through the undulator with alternating magnetic
fields forces the electrons into a sinusoidal trajectory leading to electromagnetic
radiation which recouples to the electron bunch causing laser action through SASE.
The radiated power increases along the electron beam path leading to exponential
increase in intensity. With high enough electron current and long enough undulator
the power is saturated and energy oscillates between the electron and photon beam.
If the resonant condition is met the energy exchange between the electron and photon
beam leads to microbunching and coherent emission.

It should be noted that the FEL does not require any mirrors or resonating
laser cavity structure. This is a great advantage at short wavelengths where, for
example, mirrors and optics are technicaly difficult.

One can think about the FEL in steps: (1) What is the wavelength of light
emitted by an electron traveling down the FEL magnet structure? Once can find this
by using the synchrotron radiation formula or by transforming to the rest frame of
the electron to find the frequency of oscillation by the magnets and then transforming
the radiation to the lab by the Doppler formula. The approximate answer is

)\ _ )\magnetic structure
y =

22

(2) What is the resonant condition? The undulator gives a resonance condition
between the electron bunch and the electromagnetic wave, when one undulator
period (travel length) A, gives a time difference between the electron bunch and
electromagnetic wave corresponding to one period of the electromagnetic wave. In
that situation the electrons are always going uphill against the electric field and thus
adding power to the electromagnetic wave. That condition for very small transverse
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movement of the electrons is that

At =N, /v— e =\ Jec = M\J(277¢)

11.10 High Gain Free Electron Lasers

Motivation for high-gain FELs are as microwave sources for advanced accelerators
and efficient sources of short wavelength radation. The basic physics is that a beam
of electrons is injected along the axis of an undulator (a transverse, periodic (Ag),
magnetostatic field B,(z), N, periods). The electrons are periodically deflected and as
a result radiate synchrotron radiation. The primary features of synchrotron radiation
are spontaneous emission which is incoherent: I ~ N., in a narrow cone: 6 ~ 1/,
and narrow bandwidth:
dl

m ~ SZ.TLC2 (ﬂ'Ngw ; ws) (481)

which peaks at w = ws = 27/A; (and we will see that the resonant condition is at
As = (1= B1)Ao/By-)

In the electron rest frame the wiggler field looks like Ny period radiation field
with wavelength

A, = Ao = Ao/

where ’y|2| =1/(1 —ﬂﬁ). Thus the electron oscillaes Ny times. It produces a wavepacket
of length Ny peaked at wavelength A\j. The spectrum of the radiation is the Fourier
transform of a plane wave truncated after Ny oscillations:

I(w) = sinc? (FNOAw) (482)

Ws

In the laboratory frame, A is the Doppler upshifted wavelength

N A
Ao = 2 % (483)
2
The exact solution is -y
A=

&l

A free electron laser has tunability via change in electron energy or the

undulator.

2
1 ag

1

—=1-8{-pl ~—= -2 (484)
~? I L 7|2| ~?
where ag 1s he dimensionaless vector potential of the undulator
Ao B
ay = 200 helical
27moc?
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= 0.934B, )\ per Tesla cm

6)\0B0 1
= — anar
2/ 27 mgc? P
= 0.66By)\y  per Tesla cm (485)
and ,
2 i
486
=152 (486)
or \
0
A, = 2 (1+a) (487)

11.10.1 Stimulated Emission

Inject a laser beam with A ~ A, along the axis of the undulator. The electrons move
along curved path at v.<c. Therefore v<ec. Light moves down the4 axis at v. = ¢

If an electron has the resonant energy Er = yrmoc?

7h =53 (1+ad) (488)

then the relative phase between transverse electron and radiation oscillations remains
constant. Depending upon the phase the electron can give energy to the field and
decellerate, ¥<0 (stimulated emission) or take energy from the field and accelerate,
4>0.

An issue is that at the entrance of the undulator the electron phases are
randomly distributed. For low gain, half of electrons will accelerate and half will
decellerate. For low gain < vy >> vg. This is what is observed for the first FEL, the
Mdey laser in 1976 operated at 10.6 pm.

But if undulator is long enough and the current is high enough, then energy
modulation will result in space modulation. There will be “self-bunching” and it will
be around a “right” phase for gain. Most electrons will have the same phase and the
intensity will be proportional to the number of electrons squared. I o N2. This is
collective instability of self-bunching and exponential gain.

11.10.2 Self-Consistent Theory

To fully describe FELs, we need a many particle, self-consistent theory that combines
relativity for the electron mechanics and trajectories including the transverse current
J1, Maxwell’s equations (or the special relativistic version), and an expression for the
radiation field.

Wiggler Field

BO =V x AO
Radiation Field L g
E=_—-2A B=VxA
c Ot
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Trajectory Equation

dp d ], — —
% = a(’ymov) =€ (E + ZU X (BO + B))
Energy Equation
db d -
o= E(’ymocz) =ell-v=¢Fv,

The total field on electrons from the vector potential f_l)tot
/_ftot = /_1)0 + A

which is the total from the wiggler and radiation. Ay is periodic (spatially) either

planar or helical

Ag = ﬁ(ée_lkoz + c.c.)

for the helical field which leads to circularly polarized radiation:
i

V2
where w = ck = c\/k + k* where k; allows for waveguides. Let k; = 0. Then

A=— [Aéel(k”_‘”t) - c.c.]

%(VWOUL) = ¢ [E + %(v x B)L]

e |0A.
= —Zla;t—(UXVXAtOt)J_]
ed
— —EaAtot (489)
d e dA;,
E(’}/ﬂj_) = —w—d; tdtatot (490)
For perfect on-axis injection 7, (0) = 0 and
o a
gy =ty
v v

12 TUniform Acceleration

This material is to prepare a transition towards General Relativity via the Equivalence
Principle by first understanding uniform acceleration.

The Equivalence Principle stated in a simple form: Fquivalence Principle: A
uniform gravitational field is equivalent to a uniform acceleration.

This is not very precise statement and one lesson we have learned in Special
Relativity is the need to be precise in our statements, definitions, and use of
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coordinates. We will come to a more precise statement of the Equivalence Principle
in terms like at a space-time point with gravitational acceleration ¢ there is a tangent
reference frame undergoing uniform acceleration that is equivalent. This is similar to
the instantaneous rest frame of Special Relativity in the case of an object undergoing
acceleration.

We first need to understand carefully what is a uniform acceleration reference
frame, which we will do in steps.

First imagine a reference frame — a rigid framework of rulers and clocks,
our standard reference frame — undergoing uniform acceleration. In classical
nonrelativistic physics we can imagine a rigid framework to which we can apply a
force which will cause it to move with constant acceleration.

However, in Special Relativity no causal impulse can travel faster than the
speed of light, thus the frame work cannot be infinitely rigid. When the force causing
the acceleration is first applied, the point where the force is first applied begins to
accelerate first and as the casual impulse moves out, the other portions join in the
acceleration.

Consider a simple long rod as an example: If one pulls on a long rod, it will
lengthen at first as the end being pulled starts moving before the other end even
knows it is. Then as it gains speed, Lorentz-FitzGerald contraction will cause it to
shorten. If one pushes on the long rod from behind, it will first shorten as the end with
the force moves toward the other end which sits there unaware of the some to arrive
acceleration. All objects, however rigid, evidently display some degree of elasticity
during acceleration. It is clear that in Special Relativity no rod can be infinitely rigid
but must be elastic at some level. (Home work problem: prove that since the speed
of sound is less than or equal to the speed of light, that the rigidity of any material
is less than xxx7)

As a body accelerates, it moves in a continuous fashion from one inertial system
to another. If it is to retain its same rest length in its instantaneous rest system, then
it length relative to its original inertial system will have to decrease continuously
because of Lorentz-FitzGerald length contraction. If, on the other hand, it retained
the same length relative to the original inertial system, then the Lorentz-FitzGerald
contraction would require its rest length to increase as its gains speed. This is not
very satisfactory.

Either way, the metric will depend upon time. If we want a direct comparison
to gravity, we need to require an accelerated coordinate system to have a time
independent form.

12.1 Accelerating a Point Mass

A uniformly accelerating point mass is one that is subject to the same force in each
and every one of its instantaneous rest systems. L.e. a uniformly accelerating point
mass is subject to a constant force F' = m,g along the +z-axis in a coordinate system
which is the inertial frame where its velocity is zero (instantaneous rest frame).
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Instantaneous

Rest Frame S Laboratory Frame 5’

ct cly = ct’
A N //
e
e
e
e
e
e
> T > T, = '
L0 /
e
Light Cone
Acceleration transforms as
B d*z a’

az

pECiabeTT ;%)3 (491)

so that in the instantaneous rest frame a = 4 %a’. In the instantaneous rest frame
F, = F!. Now we can solve the equation of motion in either of two ways: from the
acceleration or from the force. In Problem Set 2 we solved the problem for a uniformly
accelerating rocket using the acceleration transformation. *

Here we use force transformation.

d /
Fl=" = g =P,
dym,c?
det’ — T
g
divi) = et
g gt’

where the constant of integration is set equal to zero because we define the time zero
to be when 3 = 0. This can be turned into an equation for /3 alone:

_ B g9
76 - W_CQ(Ct)_C

3 (g)
-5 c

3In rocket frame the acceleration was a’, = g (Note reversal of §’ and S compared to discussion

3/

in this section.) Thus the acceleration in the Earth frame was a, = (1 —v?/c?) 2g = duv,/dt.
Regrouping we had gdt = du,/ (1—1}2/62)3/2 and integrating gives gt = v/y/1—v%/c¢? or

vie=gt/c/\/1+ (gt/c)?.
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_ gt/ (193)

1+ (gt'/c)”

So that, from the laboratory, observing the test particle start from rest we first see
its velocity increasing linearly with time as we classically expect for a particle under
uniform acceleration. Then as the velocity begins to be a significant fraction of
the speed of light, the term in the denominator becomes increasing important and
the velocity increases ever more slowly in time and only approaches the speed of
light asymptotically. The shape of the trajectory of a particle undergoing uniform
acceleration is a hyperbola and not the classical parabola, but for low velocities they
are indistinguishable conics.
Note also

gt'
7= m (% ) (454)
It we look at the Lorentz factor -, we see that it is first very nearly unity and then
as the velocity begins to saturate, 7 increases linearly with time. This is simply
conservation of energy, as the constant acceleration (force in the instantaneous rest
frame) is constantly doing work W = cF.
Now we can solve for «’ using the definition of 8 = da'/d(ct").

d' = pd(ct")

'=cr! ct'=cr’ '
¥ = :I;O—I—/ ct'):xo—l—/ gt'/c
"= i 1+ (gt'/c))?

2
- c—¢1 + (%(ct’)) sz =cr’ + 2!
g c
g - g (495)
= — gt' /)" — — +
g g
Define
Ly O (496)
rp =1, — —
i g
Then our equation becomes
2 2
-2 = —/1+ (%CT’)
g c
g : 9 N\
(G =) = 1+ (5er)
! ! 2 g ! 2
(—2(:1; —:L'P)) — (c—QCT) =1 (497)

This last equation describes a hyperbola.
Because the world line is a hyperbola in Minkowski space, the world line of
the point mass approaches the light line asymptotically. This means all events on the
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world line will have a space like relationship to all events to the left of the focal point

P =(0,2%).
2
v =al — — (498)
g
So that the distance between the rest point and focal point is proportional to the
inverse of the acceleration.
insert figure here showing frames with small acceleration and with

large accelerations.
/ N 2
go_97le 9 (=) =1+ (ﬂ) (499)

Therefore

= tanf (500)

where 6 is the horizontal angle.

insert figure here showing 6 etc. The line from point P, (0,2%) to
point (er’,2’) is the x axis in the instantaneous rest frame. Defines simultaneity
in instantaneous rest frame is changing constantly since the instantaneous rest frame
is continuously changing.

insert figure here showing world lines etc. and that P is a pivot
point.

The observer A no matter where along his world lines never knows the future
of the observer passing through the pivot point and objects to the left are never in
casual contact but if they did would appear to move backward through time. ....

Now calculate the distance from event P = (0, 2») to event (e7’, ')

g

(5)2 (4 — i) — e (501)

combining that with the equation for 3 yields

/

cT
b= o —ap

B2 —ah)? = A (502)

Evaluate this for 7/ = 0 to get the distance, xp4, between event P and where A

crosses the ' axis.

= (S) = = B e = (1= ) @ o0

(¢ = 2p) = 1, (501)
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Lorentz contraction 4, = xpa /7.

It is easy to show that the distance from the pivot point to any point on the
hyperbolic trajectory is the same. The accelerating system moves in such a way
that the distance to the pivot point is increasing in inertial space by precisely its
instanteous gamma so that the Lorentz length contraction makes the distance to the
pivot point in its rest frame constant. l.e. if the line of simultaneity intersects A’s
trajectory at point B then from the hyperbola formula above for all B we have

(tly — alp) = 5y (505)

Thus xg — xp = xpg = v, The distance from the pivot point event (0,zp) to the
mass point at B as measured in the accelerated coordinate system is the same as the
distance from the pivot point event (0, zp) to the mass point when it was at rest or
any other point on its trajectory. Therefore to an observer in the accelerated system
the point mass maintains a fixed distance to the pivot point event (0, 2p) throughout
its motion. Thus despite accelerating away continously the eternal moment remains
a fixed distance away.

12.2 Uniformly Accelerated Reference Frame

We are now in a position to discuss a uniformly accelerated reference frame.

insert figure of two uniformly accelerating masses with same focal
point.

Consider two observers (1) and (2) both with the same focus point ] and
both cross the z’-axis at the same 7/ = 0. Then there is always the same distance
from z, and thus each other. As a result they will have to have different accelerations
because they have the same focus

ay = g1 = cz/:Jc'1 ay = go = 02/1}/2 (506)

This is what one sees in the figure with the curves further away from the focal point
being flatter. A straight line is a the world line for a non-accelerating particle.

One can make a uniformly accelerated frame, if the acceleration of each
point is inversely proportional to its distance from the focus point z7. Actually
(et',a’) = (0,27).

An observer riding with a meter stick in this accelerated frame would say it
maintained a constant length. An observer in an inertial frame (e.g. our Lab frame)
claims the rod is shrinking in time as it accelerates away. However, as it approaches
the origin, it lengthens and slows down.

A rod on the other side of the origin accelerates to the left rather than the
right.

This situation is called a Rindler Space.

Note that the coordinate choices are different from our usual every day
conventions. Usually we chose the vertical axis to be the z-axis and have the effective
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acceleration “downward” toward negative z. What we would observe conventionally
from our inertial frame would be an elevator rushing doward towards us at high speed
and decellerating at a rate ¢ coming to a stop at a distance and then accelerating
upwards away retracing its path.
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12.3 Alternate Discussion to be integrated

We revisited the Lorentz transformation in the case of circular motion, that is, motion
with a uniform speed but continously changing direction, in the case that results in
Thomas precession. Now we consider the velocity transformation.

12.3.1 Instanteous Velocity Transformation

The Lorentz transformations of space-time coordinates

= y(t—px/c)
7 = q(xz— Pet)
yo=y
7 = z (507)
and their converse (primes exchanged with unprimes and 8 = v/c¢ with —f are
differentiated with respect to ¢’ and used to find the velocity
. de dydz
u = (ul,u2,u3) = (g—t/,g@)/
. ' dy' dz
L= () = (o5 o n ) (508)
’ U1 — 0 ’ U2 ’ Us
_ — 2 = = 509
T —uv/c?’ = (1 —uyv/c?)’ e (1 —ugv/e?) (509)
uy — v ul, ul
— - " =3 510
e —uv/c?’ 2 (1 —ujv/c?)’ e Y(1 —wjv/e?) (510)

No assumption as the uniformity of @ (or «’) has been made. These equations apply
equally to the instantaneous velocity in non-uniform (or circular) motion.
Now consider the magnitudes v and u’ defined as

2 _ 9 2 2 2 2 2
u® = ui + uj + us, u = ui +uy + ug (511)

Now we can readily calculate the v(u) transformation laws by factoring out the (dt)?
and (dt')* from (cdr)? = (cdt)* — (dF)? = (cdt’)* — (d")* and substituting in for u’

dt*(c* —u?) = (dV')* (S —u'?) = dt*+*(v)(1 — ugv/c?)?(c® — u™). (512)

2 2 02(02 - uz)(cz - v2)

c—u- = (c2 _ ulv)2 (513)
T =0 pew(eE) e
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Now note how simple this is in the instanteous rest frame:

y(u') = (v)y(u)
This should remind you of the rapidity formulation given in the homework. where
the rapidity is defined as the rotation angle
u

o(u) = tanh™" (E) , tanh(¢(u) = . (515)

c

¢(u) = ¢(u') + 6(v) (516)
Differentiating this with respect to time gives us a simple way to work out the
acceleration transformation.

12.3.2 Acceleration Transformation

d d N
el . — 1
9 () = o) Y (517)
Since the derivative of the hyperbolic tangent is the hyperbolic secant
d 1, . du
L o) = Lty 2 (513
Since " ()
v(u
i 1
dt - y(u) (519)
Substituting we obtain the acceleration transformation formula
du’ du
30,1 3
I e 2
) 0 = ) (520)

Under the Galilean transformation, the acceleration is invariant; but, acceleration is
not in Special Relativity.
We need to define the proper acceleration

= ()5 = & (521)

where « is measured in the instantaneous rest frame.

ja] = a

Now constant instanteous acceleration (constant proper acceleration) is a
particularly simple case. Integrating and chosing v = 0 at ¢ = 0 (or vice versa)
one finds

at = ~(u)u (522)

Thus at low velocity u increases linearly with ¢ and as u — ¢ y(u) grows linearly with
time. Squaring, solving for u, and integrating again, chosing zero as the constant of
integration yields

2? — (ct)? = c*/a = X? (523)
Thus, for obvious reasons, rectilinear motion with constant proper acceleration is calle
hyperbolic motion.
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12.4 Rindler Space, Symmetry and GR

The equivlance principle implies a new symmetry and thus associated invariance.
With a realization and the uniqueness of solutions give a formulation to the theory
of gravity.

The strong and weak Equivalence Principle: The weak equivalence principle
is that gravitational and inertial masses are precisely equal (also includes Lorentz
invariance). The strong equivalence principle applies to all laws of nature that no
experiment can distinguish between an accelerating frame of reference and a uniform
gravitational field.

We can also use this symmetry approach to find the Rindler space. Consider
an “generalized elevator” as a kind of rocket ship in outer space far from the strong
influence of Earth or any other body. Now give the “elevator” a constant acceleration
g upwards. All inhabitants of the “elevator” will feel the pressure from the floor,
just as if they were living in the gravitational field at the surface of the Earth (or
equivalent). This is a method of constructing “artificial” gravitational field. We now
consider this artificial gravitational field more caretully.

Suppose we want this artificial gravitational field to be constant in space and
time. We will find that we can make the artificial gravitational field uniform in time
and two spatial directions but it must decrease in the direction of the field itself. The
inhabitants will feel a constant acceleration.

Consider a coordinate grid for an elevator free to accelerate uniformly or be
in a uniform gravitational field, which we take to be ¢* inside the elevator, such that
points on the elevator wall and floor are given by ¢ and are constant. The zeroth
component Y = cr, where 7 is the proper time (elapsed instanteous rest time in the
elevator). An observer in outer space uses a standard Cartesian grid «* in an inertial
frame there. The motion of the elevator is described by the function x“(g)

That is the elevator is free to move only along one axis (the “vertical” axis).
We designate the “vertical” direction to be the z-axis. The origin of the £ coordinates
is a point in the middle of the floor of the elevator, which for convenience coincides
with the origin of the & coordinates at t = 7 = £°(7) = 0. Thus the coordinates of
the origin (center point of elevator floor) will be

£ = (¢r,0,0,0) io = (ct(7),0,0,2(7)) (524)

Time (7) run at a constant rate for the observer inside the elevator.

() =) ()

The acceleration is set to be ¢, which is the spatial portion of the four-acceleration:

R

oT?

= g". (526)

a =
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At 7 = 0 we can specify that the velocity of the elevator is zero:
— =(¢,0) (at 7=0). (527)
We can make use of the differential proper time along any world line dr = dt /~.

Using the relation
1 gt)
= ———— =/1 528
(i + ( (528)

c
we find ;
T —/ = —Smh (g ) (529)
i+ (%) ¢
Inverting this equation we find a relatlonshlp for ¢t in terms of 7
1
L — sinh (ﬂ) (530)
c c

This equation works for the origin. The acceleration depends upon location so that
the more general formula becomes

(e )i () )

=2 = (53 + i) cosh (ﬁ) — i (532)

g c g
At that moment ¢ and 7 coincide, and if the acceleration ¢ is to be be constant,
then at 7 =0, dG/07 = 0, so that

L gM (F’7 6) = — 7k T = 07 (533)

where F'is an unknown constant.
Now this equation is Lorentz covariant. So not only at 7 = 0, but also at all
times we should have

0 F o
ar = ~cor ! (534)
Combining equations x and y gives
2 2 2
= E(xu+Au) = g_(xu+Au) = g_(xu_|_5§c_)7
c c? c? g
#"(1) = B"cosh(gt/c)+ C*sinh(gr/c) — A", (535)
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Fr, A*, B* and C'* are constants. F' = ¢*/c can be found from the derivative of
four acceleration evaluated at # = 0. Then from equations 16, 17, and the boundary
conditions:

c
o
, Or=

2
(gu)2 =cl' = 927 B — < ; A" = B*, (536)

(]
— o O O
o O O

and since at 7 = 0, the acceleration is purely spacelike. We find that the parameter
g is the absolute value of the acceleration.

We notice that the position of the elevator floor at “inhabitant time” 7 is
obtained from the position at 7 = 0 by a Lorentz boost around the point z* = —A*.
This must imply that the entire elevator is Lorentz-boosted. The boost is given by
the rotation matrix with angle y = ¢g7/c. This observation immediately gives the
coordinates of all other points in the elevator. Suppose at 7 = 0,

— —

2#(0,&) = (0,¢) (537)
Then at other 7 values

sinh(gT/c) (53 + %2)
e, ) = : (533)

2

cosh(gt/c) (53 + %2) — %

The 0 and 3 (height) components of the ¢ coordinates, imbedded in the x
coordinates, are pictured in the next figure. The light cone defines the boundary
of the space at 7 = 0 the coordinates lie on the positive z® axis in a very ordinary
way. Each 2® coordinate follows a hyperbola in 2® and c¢r that keep it in the right
quadrant (in z°- cr plane. The description of the quadrant of space time in terms of
the ¢ coordiates is called “Rindler space”.

It should be clear that an observer inside the elevator feels no effects that
depend explicity on his time coordinate 7, since a transition for 7 to 7/ is nothing but
a Lorentz transformation.

We also notice some important effects:

(i) Equal 7 lines (lines of simultaneity) converge at the left (at the ® — ¢7 origin).

It follows that the local clock speed, which is given by n = \/(dx*/der)?. varies with
height = 23

n=1+g8/c, (539)
(ii) The acceleration or gravitational field strength felt locally is n™2¢(¢), which is
proportional to the distance to the point z# = —A*. So even though the field is

constant in the transverse direction and with time, it decreases with height (2?).
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(iii) The region of space-time described by the observer in the elevator is only part
of all of space-time, where 2° 4 ¢*/g > |2°|. The boundary lines are called (past and
future) horizons.

All of these are trypically relativistic effects. In the non-relativistic limit
(¢ — 0) the coordinates simplfy to

3 5, L 0
=& 4 97 @ =T (540)

According to the equivalence principle the relativistic effects discovered here should
also be features of gravitational fields generated by matter (or energy). Let us inspect
them individually.

Observation (i) suggest that clocks will run slower, if they are deep down in a
gravitational field. Indeed as one suspects equation x will generalize to

n=1+®)/ (541)

where ®(x) is the gravitational potential. This will be true, provided that the
gravitational field is stationary (not time varying). This effect is called the
gravitational redshift.

Relativistic effect (ii) could have been predicted by the following argument.
The energy density of a gravitational potential is negative. Since the energy of two
masses M; and M, at a distance r apart is £ = —G, My M, /r, we can calculate the
energy density of a field § as Too = —(1/87G,,)|g]*. If we have normalized ¢ = 1,
this is also its mass density. But then this mass density in turn should generate a
gravitational field! This would imply

— 5 1 5
ag = 47TGnT00 = —§|g|2

so that the field strength should decrease with height. However, this reasoning is too
simplistic, since the field obeys a differential equation but without the coefficient 1/2.

The possible emergence of horizons (iii) turns out to be a new feature of
relativistic gravitational fields. Under normal circumstances the fields are so weak
that no horizon will be seen, but gravitational collapse may produce horizons. If this
happens, there will be regions of space-time from which no signals can be observed.

The most important conclusion to be drawn is that in order to describe a
gravitational field, one may have to perform a transformation from the coordinates
£* that were used inside the elevator where one feels the gravitational field, toward
coordinates x* that describe empty space-time, in which freely falling objects move
along straight lines. Now we know that in an empty space without gravitational fields
the clock speeds and the lengths of the rulers are described by a distance fuction er
or { as

(cdr)? = —(dl)* = g,,dx"dz"; where g,, = 1,, = diag(1,—1,—1,—1) (542)
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In tems of the coordinates {* appropriate for the elevator, we have for infinitesimal
displacement d¢*,

dz® = sinh(gr/c)dE® + (1 + g€°/c*)cosh(gr/c)dr,

dz® = cosh(gr/c)dE® + (1 + g&3/c*)sinh(gT/c)dT. (543)
This implies B
(cdr)* = —(d0)* = (1 + ¢&*/c*)*(der)® — (d€)*. (544)
It we write this in the form
(cdr)” = —(dl)* = g (E)dE"de” = (1 + g€ /&) (der)® — (dE)”. (545)

then we see that all effects that the gravitational field have on rulers and clocks can be
described in terms of space and time dependent field ¢, (£). Only in the gravitational
field of a Rindler space can one find coordinates " inerms of these the function g,,
takes the simple form shown. We will see that g,,(£) is all that is ned to describe the
gravitational field completely.

Spaces in which the infinitesimal distance c¢d7 or d{ is described by a space
time dependent fuction g,,(§) are called curved or Riemann spaces. Space-time is
apparently a Riemann space.

We can write the metric more explicitly as

n(¢)?* 0 0 0 In&* 0 0 0
e T N I B AR D
o 0 0 -1 0 0o 0 -1
where n(€) = 1+ ¢€3/c%.
da" = (edr,dF) sz, = n’edr, dF) (547)
Note since the metric has the form
(cd7)® = —(d0)* = (1 + g€/ c*)*(det® — (dF)*. (548)

then an object stationary at fixed 7 has proper time dr = ndt. A particle moving
with velocity ¢ = dr'/dt will have proper time

dr = \/(ndt)? — (d[c)? = dt\/n? — B2 = dt [y~ (549)
where v* = 1/y/n? — 32
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12.4.1 Uniformly Accelerating Clocks - Gravitational Freqency Shift

We could have derived these results by simply considering two clocks in a spaceship
(“rocket elevator”) with constant acceleration or the Doppler effect on a photon
emitted at one end of the spaceship and received at the other and comparing this
to our thought experiment about a photon in a gravitational field. This approach is
much more physical but does not show all the features of the Rindler space.
Consider that the inertial (and by inference gravitational) “mass” of a particle
is given by the sum of its rest energy plus all other energies divided by ¢?. Thus the
inertial and gravitational mass of photon is E/c* = hv/c*. If a photon changes its
gravitational potential through simple propagation then it must change its energy by
and amount AE = Fgh/c* where ¢ is the acceleration of gravity and h is the height

change. Thus
AE  Av  gh
L= _ 4 (550)
E v 2
The fractional frequency change is the change in gravitational potential divided by
2
.
For comparison consider a lab accelerating at rate ¢ with the two clocks
separated by a instanteous distance h along the acceleration direction. If the first
clock sends a photon of frequency vsource, then the second clock recieves a photon

observed at frequency vopserved We know that they are related by the Doppler formula

by

Vobserved = Vsource™ (1 + 60050) (551)
Since the angle is either 0 or 180°,
Vobserved
st (14 g) (55

The time it takes for the photon to get from the first to the second clock is
approximately At = h/c and the velocity change is Av = gAt = gh/c or 3 = gh/c?
Differentially one has vy /vy =1 + g /c?

The gravitational redshift was fist measured directly in the laboratory in 1960
by Pound and Rebka where they let a 14.4 keV ~-ray, emitted in the radioactive decay
of *"Fe, to fall 22.6 meters down an evacuated shaft where gh/c? = 2.47 x 1071%, and
they measured a fractional change in frequency of (2.57+0.26) x 107, thus verifying
to that level the equivalence principle.

One could anticipate that for a spherical mass (M) in an otherwise flat space-
time that the rate of clocks would vary as

dt(r) _1q GM

dt(o0) N c2r

(553)

12.5 Local Coordinates

It is sometimes better to use local standard clocks for the determination of velocity
and acceleration at each point, rather than referring to a single coordinate clock
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located at the origin. The former run faster than the latter by the factor 5, so that
the local velocity By of an object moving over coordinate intervals dz and dt is given
by
i d L
(Br)' = —=(2') or (B) =- (554)
ndr U

A second application of this time derivative operator to (31)" gives the connection
between coordinate and local acceleration:

SN d i d dz Ly Dun
() =g = () = - %on] o

since 0;n = (0,n)z; hence,

) = fot = L5, (556)

Thus the local acceleration of a free-falling body 1is

" n n?’ oy

772

772

(az), = (557)

Thus the acceleration depends upon the local velocity and the local value of ¢ at any
point is found to be g, = g/n with the local velocity (8)" = /1 so that one can
write

(ar)y = —gr [L=(Bu)2] (), = =00 (Bu), (Br),»  (ar). = g (Br). (Br).
(558)
Freee-falling local acceleration appear here exclusively in terms of local
velocities and the local acceleration constant g,.
When an object falls vertically, its acceleration (ar,) ranges between —gy, and
0 depending n (1), rather than between —g and +g¢ as it does at the origin.

12.6 Dynamics

The 4-D momentum is defined in an accelerated system just as it is defined in an
inertial frame.

p=mou p’=meu" = (povﬁ) = mO’V*(lvﬂl’vﬂyvﬂZ) (559)

where p = v*moc? and p* = v*mgc? where £ = moc? is the proper energy. For
mo = 0 in these equations one replaces y*mgoc? by Ey. Because this is a 4-D vector
multiplied by an invariant, it can be found either by using he known values of 3 in the
accelerated system or by transforming the inertial 4-D momentum to the accelerated
system.
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In its covariant form, it is

Pu = guwp’ = (—0°p°,p) = (po, P) (560)

so that
Py = ’7*772771002
There are evidently two entirely different energies of an object in the accelerated
system; the covariant and he contravariant energies.
More generally, the covariant energy of an object is constant for any time-
independent metric.

12.7 Gravitational Redshift

The Eugqivalence principle leads directly to two interesting predictions about the
behavior of light in the presence of gravity. The first effect is that as light climbs up
a gravitational gradient, its frequency decreases. The second is that light is deflected
by a gravitational field.

These effects are obvious, if one knows that light consists of photons where
E = hv is the relation between the photon’s kinetic energy F and the photon’s
frequency v. Einstein’s formula relating inertial mass m; to energy £ = mjc®. The
weak Equivalence Principle states m; = mg. For the work done by a gravitational
field with potential ® on a particle of gravitational mass mg as it traverses a potential
difference d® is —mad®. This must equal DE, the gain in the particle’s kinetic energy.
For a photon, dF = hdv, and so

E h
hdv = —medd = —mdd = ——dd = —~"dd, (561)
c c
and thus
dv— d® (562)
v 2
Integrating this equation over a finite path from A to B, one fines
—p/c?
A _ @)/ _ C
vy e~ \BBTRANS = gy (563)

As for light bending in a gravitational field, imagine a ray of light as a stream
of photons; since these photons have inertial and gravitational mass, we expect them
to obey Galileo’s principle and follow a curved path just like a Newtonian bullet
traveling at velocity e. That wold make, for example, the downward curvature of
a horizontal beam in the earth’s gravitational field with = horizontal and z vertical

equal to
d? d?
S — (564)

dz?  c2dt? c?

In units of years and light-yeas ¢ = 1, and it so happens that ¢ ~ 1.
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12.8 Static and Stationary SpaceTimes

A stationary field is one that does not change in time and a static one is one where
the sources do not move. The most important property of stationary spacetimes is
that they admit a preferred time. The metric of every static field can be brougt to
the canonical form

(cd7)? = ds* = 22/ 2q1? — di? = n*(edt)® — di* (565)

where the last part uses our previous notation. We can calculate the elapsed proper
time

dr? = di* (2% — 3%) = di* (n* — p?) (566)

7 = dnJev17 — 2 = i = dif (567)

In the weak field imit®/c* << 1, e?®/¢ ~ 1 4 20/c2.
ds? ~ (1+ 2(1)/02)02dt2 —dl?

For a particle-worldline between two events P, and P, we have

P 2 ds t2 20 v? 12
ds= [ Car = / 1+ 2 %)
/Pl ° 4 dt ¢ th ( + c? 02) ’ (568)

where v = dl/dt is the coordinate velocity of the particle. The binomial approximation
gives

Py 2 20 v2 1/2 t2 P 10?2 1 2 /1
ds=c[ (145 -5) a=c[ (145 5 a=cm-1)—— [ (— _
P ST i ( + c? 02) ¢ i ( + c? 202) (h=T2) cJuy 21}

(569)
The condition that [ ds be maximal is therefore equivalent to the last integral being
minmal. That is exacatly Hamilton’s Principle.

One consequence which we can read off immediately is what is called the
Shapiro time delay. A light-ray satisfies ds* = 0 and thus e®cdt = +dl, the two signs
corresponding to the two possible directions of travel. Consequently a radar, or other
light signal, reflected from a distant object will return to its emission point after a
coordinate time

Al = 2/6—%1 (570)

has elapsed there, where the integration is performed over the path of the signal.
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13 Differential Geometry

There is a strong connection between the geometry (symmetry) of Minkowski space
and dynamics. Further generalization of relativity requires incorporating a new
symmetry - the Equivalence Principle. That will be manifested as the more universal
Riemannian geometry of simple curved space-time. Riemannian invariance is not
limited to orthogonal or even linear transformations but includes all real, single-
valued transformations that are continuous with finite first and second derivatives.
This will include curved space-times that do not admit a global Cartesian coordinate
system.

Through the Equivalence Principle gravity is replaced by space-time curvature.
Gravity is replaced by a local effect. Thus we do not need to know the full geometry
and topology but only the local differential geometry.

13.1 Invariant Length and the Metric Tensor

We want to generalize the concept of invariant length of Minkowski space. We define
the invariant length and the generalized Riemannian metric by the equation

(ds)® = g, dx"dz” (571)

where the indices p and v are repeated and thus summed and in our case of a 3+1
dimensional geometry cycle from 0 to 3. It is easy to see that g¢,, is a tensor. If the
transforamtion for & to & is a* = *(Z"), then

da = gj: dz" = a* dz" (572)
If ds? is the invariant length, then
(ds)? = g, dr"dz” = gé,pdxlgdx’p = gm,ag,dxlga;,dx’p (573)
From this we can conclude
op = Gu iy, (574)

These geometry techniques have been more generalized to other dimensions
by mathematicians and we will work out some problems and examples in lower
dimensions for illustration and ease. This general bilinear form (product of two
differentials) of the metric is the class of Riemannian spaces. In Riemannian
geometry one must nearly always pay attention to the difference between covariant
and contravariant (co and contra variation with respect to the transformations).

For example, consider the metric for a two dimensional space

i 1 0
de' = (dx,dy) gij = (0 1) (575)
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do' = (dr,db) g = 02) (576)

7

de; = (dr,rd0) ¢ = 1/()r2) (577)

TN TN
O~ O =

13.2 The Transformation

The general case is any primed coordinate system and any unprimed coordinate
systems connected by a transform on z' = z‘(z"). There are no restrictions on the
transformation except that it is continuous, real, single-valued, and its derivatives
exist over the region of interest. The indices run from 1 to n, the dimension of the
space. In differential form the transformation equations are

dz' = a;,d:z;j’ and dz’' = af/d:lii (578)
where P 9z’
7 xZ 4 - $]
= 2 o= o] = 22 o
giving . ,
al'a, = 8}, (580)

The coefficients af/ and aé, are called the transformation coefficients and the condition
al'ai, =l or [a7][a) =[1] (381)

reflects the general requirement that any transformation followed by its inverse is
unity.

13.3 Parallel Displacement /Transport

When a vector is carried from one point to another without changing its magnitude
or direction, it undergoes parallel displacement. In a flat Fuclidean space, the idea
of of parallel displacement is perfectly clear. In terms of its Cartesian components,
it means that the vector’s components remain unchanged as it moves from one place
to another.

Consider a (contravariant) vector A = (A", AY) that is displaced along
a line that radiates from the origin.  Its components A® and AY remain
constant under parallel displacement, so they have the same magnitude all
along the path. See figure. ~ The vector can also be specified in terms of
components that are parallel and perpendicular to the radial line. A =
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(A", At) where the unit component direction vectors are 7 and 0 respectively.

y y 0
A A 40

L—" ~

At AT

L A"

(a) (b) ()

In polar coordinates, the components of A= (A", A%)) in the radial direction
also reamins the same through out the displacement. That is the value of A" are
constant and the same as in the (A", A1) case. However, the A are not the same as
AL, The relationship between the two is given by A+ = rA?.

From a variation of this eqation and recognizing that A+ is constant, § A’ can
be found as a function of r and ér:

SAL = 6(rA%) = A%r +r6A" =0 (582)

or 2
S5AY = —A—(Sr (583)

T

As the vector moves outward in a +r-direction, its #-component decreases inversely
with r.

There is another way of obtaining this result in a more general way. Because
Ais a vector, its transformation to polar components

()= (o) () (551

T T

or written explicitly
AT = Axlcose + Ayszine
A" = ——A%sind + - AVcosb (585)
r r
Given that A*, AY, and 6§ are constant for a radial translation, a variation of the first
equation is 0 A" = 0 as laready noted and a variation on the second equation gives
1 1
6AY = §{—=A%sinh + —AVcost}
r r

1.1 1 Al
§AY = —{—sinf — —AYcosO}or = ——6r (586)
ror r r

A vector is parallel displaced, if it moves without changing its magnitude or
direction. But it is clear from this example that the directional change is dependent
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on the coordinate system. The magnitude (i.e. the square root of the invariant
length) is unchanged. under coordinate transformation, but when viewed in polar
coordinates, its components do vary and hence changes apparent direction. This is
not exactly what was defined as parallel transport though it is in some coordinate
systems. The definition of parallel transport will have to be broadened.

Define the indexed (not tensor) symbol , fj called a Christoffel symbol or affine
connection. As a vector A’ is parallel displaced over a differential §27, its components
AF are changed by an amount determined by the Christoffel symbols in the defining
equation

§AF = — LA S (587)
The values of these Christoffel symbols in Cartesian coordinates are zero, but they
are not zero in polar coordinates.

13.4 Geodesic Path

In Riemannian geometry, the term geodesic path means: the path of shortest invariant
distance. There is a strong connection between geodesic parths and the idea of parallel
displacement. A vector that moves tangent to a geodesic is, at the same time, being
parallel displaced as it moves along.

The geodesic path can be found using the variational principle to find the
shortest distance between two points, which in Riemannian geometry requires that
6 [ds =0 =06 /dr The calculus of variations gives

dex 1 s cie
Iz —§9k (s, + Gjsi — Gij,s) T'T7 (588)
where the dot means derivative with respect to ds (or cdr) 2* = dz*/ds and
Gijk = Okgij-
Multiplying by
 k Lo i
di” = =50 [gis.j + Gisi = 9ij.s] #'da (589)

This equation describes how a contravariant vector i/ changes as it moves over a
pathdz’. It is the same as the definition of the Christoffel symbol. Clearly,

1 S
i = §9k [9is5 + Gisi — Gijis] (590)

This equation allows the Christoffel symbols to be calculated from the metric tensor
alone. The geodesic equation becomes
it _
ds Y

ita! (591)
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13.5 Parallel Displacement of Covariant Vectors

Covariant vectors also change direction under parallel displacement. Consider the
inner invariant product of two vectors A* and B;. When the two are parallel displaced
together in a Cartesian system. If 6 represents the small variation of the product along
the line of displacement, then because it is an invariant,

0=6(A'B;) = A" By + Bi§ A’ (592)
Substituting §A° = —, ;kAj(S:L'k yielding
A'§B; = —BpéA* = —By(—, £ A2 A6 B; = AY, . Béa? (593)

Becasue this expression is true for any vector A, its coefficients on either side of the
equation must be equal 4
§B; =, I Bpéa’ (594)
The Christoffel symbol gives the changes in a covariant vector as well as the
contravariant one: o 4
SAM = [ EAGaT  6A; =, A (595)

§A" and §A; are not vectors. Note that § A identically zero in the Cartesian
system but non-zero in the polar system. A zero vector cannot be transformed into
a non-zero one.

It is also possible to determine how a mixed tensor changes under a parallel
displacement. Consider the inner product between tensor T} and two vectors A; and
B’ while they are parallel displaced together: 5(T;AiBj) = 0 since the inner product
is invariant.

8Tf =, 5, 162" — 11762 (596)
ST =, " b+, 1,10 6% — 0 T, S (597)

13.6 Covariant Derivatives

Consider a contravariant vector A’ in the Cartesian system that is transformed to a
Cartesian system

A' = al, A" (598)
Taking the ordinary derivative of this gives
dA" = d(a})A" + al,dA” (599)

13.7 Space-Time Differential Geometry

13.8 Spherical Surface as an Example

Intuitively one knows that the curvature tensor for the space defined as on the
surface of a sphere should not be equal to zero. Every point on a sphere’s surface is
intrinsically curved.
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13.9 Curvature Measures

If a vector is parallel dispalced around a closed loop in a flat space, the it will return
to its original magnitude and direction. That should be true independent of the
coordiante systems in which the displacement is observed. So if a parallel-displaced
vector is changed by a trip around a closed loop, it follows that its region of travel is
a “curved” space.

A surface observer can use this procedure to detect the existance of curvature,
when visual recognition or imbedding in a higher dimensional flat Cartesian space is
not part of the mathematical procedure.

BV = 82783 |, Gy — s Bs o S =+ o ] VO (600)

By, v ovy Bu s op Bu
13.9.1 Christoffel Symbols
1 mk
i = 59" (i + ik — il (601)

13.9.2 Curvature Tensor

Riemann  RF = F . k 4 bk byt

ars ) ar,s yary sb ) as) rb

The intrinsic curvature at any point can be found in terms of derivatives of
the metric at that point.

One can find the curvature by transporting the same vector half way around
a differentially small rectangle in both directions and comparing the results. The
procedure is to first take the covariant derivative of a vector ¢ with respect to i,
then take the covariant derivative of this result with respect to a7

Then reverse the order and subtract

The vector ¢ can be taken out of the additive terms in this tensor equation,
leaving the differential operators in the form of the tensor [R]. [R] is called the
Riemann-Christoffel curvature tensor.

Dy (D) — Dyi (D @) = [Dyi (Do) — Dyi (D) @ = [R] - &

or

Av/Aarea = [R] - 0.

Remember that when a tesnosr is zero in one coordinate system, it is zero in all
coordinate systems. So if the Riemann-Christoffel tensor is zero at any point in any
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system of coordinates, then the space at that point is flat. On the other hand, if [R]
is nonzero at a point, then the space has an intrinsic curvature at that point.

The Rimemann-Christoffel tensor can be explicitly derived by carrying out the
operations outlined above. This can be done using contravariant vector A*. First take
the covariant derivative of A*

Al = A 4 kA
Now take the next covariant derivative
0
k k k a a k
A;rs = %(A,r) +, asA;T R TSA;a

where the index s representing the second covariant derivative is placed directly
behind the index r representing the first covariant derivative.

A, = [AE]

Going back to the defintion of the covariant derivative Afj above gives
=
Ox?

where the dummy index b is there to avoid repetitive use of index a in two of the
terms. Multiplying out one has

A?’/’S = Ai“s —I_ 757’7514(1 . A?S —I_ . Ail’/’ —I_ . b Ab - , Aﬁl —I_ . ) Ab (603)

s ar v as » as? br v TS ’ rsy ba

Aﬁﬂv STAG] +, 55 [Ailr +, ZrAb] ) ?s [Afga +, gaAb] (602)

This seven term expression is the result of two sequential covariant differentiations
of the vector A corresponding to the operations D,;(D,:¥) acting on vector v. Now
perform the same operations in reverse order and subtract. The reverse order of the
covariant differentiation is found by exchanging the indices s and r.

Al = Al 70, AT AL LA G AT = DAL LAY (604)

Y as ) ar ) ar? bs ) sr ) sr9 ba

This is equation is subtracted from the previous and the first, third, fourth, sixth
and seventh term in each cancels, leaving the difference betwen the second and fourth
terms:

Afrs - AZT = sr,sAa ) ss,rAa +, 557 ZrAb ) srv ZsAb (605)

The dummy indices a and b are now exchanged in the last two terms, and the vector
component A* removed from each term to give

Afrs - AZT = sr,s T ss,r + ) gsv 27“ ) 57“7 25 A (606)
or one has
Ai“s - A?ST = RsrsAa (607)
where
Rsrs = 57“,5 T ss,r —I_ ? 557 27“ ) 57“7 25 (608)

This fourth-rank mixed tensor - R _ - is the Riemann-Christoffel curvature tensor.
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13.9.3 Ricci Tensor and Scalar Curvature

. . _ k
Ricci R = Rijk

Scalar R = R

We will contract the Riemann-Christoffel tensor in two steps. In the first of
these, the contravariant index is contracted with the last of the covariant indices to
give the Ricci tensor, which is defined as

_ k
Rij - Rijk

_ k k bk bk
Rij = 945k T 0 dky +, iy kb T v ik jb (609)

It is easy to show that this tensor is symmetric
Rij = Ry (610)

Other second-rank tensors can be found by contracting other indices; but the Ricci
tensor is of special importance because of its symmetry and because of the unique
properties of its derivatives. As a result it plays a major role in General Relativity.
Since it is symmetric it has the same number of independent components as the metric
tensor ¢,, and the stress energy tensor 7}, and General Relativity provides a unique
way to link them together.
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13.10 Isometries

Tensor calculus is largely concerned with how quantities change under coordinate
transformations. It is of particular interest when a quantity does not change,
i.e. remains invariant, under coordinate transformations. For example, coordinate
which leave a metric invariant are of importance since they contain information
about the symmetries of the underlying Riemannian manifold. Just as in an
ordinary Euclidean space, there are two sorts of transformations: discrete ones,
like reflections, and continuous ones, like translations and rotations. In most
applications, these latter types are the more important ones and they can in principle
be obtained systematically by obtaining the so-called Killing vectors of the metric.
A metric ¢, is from-invariant or simply invariant under the transformation
® — (2'), if
9es(i) = gup(y)  for all coordinatesy®, (611)
that is, the transformed metric ¢/, (7’) is the same function of its argument & as
the original metric g,(%) is of its argument #. Then a transformation leaving g,

form-invariant is called an isometry. Since ¢, is a covariant tensor, it transforms
according to the equation above, or equivalently (interchanging primes and unprimes)

ax/c ax/d , ,
Jar(T) = @wgcd(l' ). (612)

Then, using the equation from above, 2 — 2'* will be an isometry, if

ax/c ax/d ,
gap() = p wgcd(l‘ ). (613)

Consider all quantities appearing in this equation to be functions of x using 2'* =
2'*(x). In general, this condition is very complicated, but it may be greatly simplified,
if we consider the special case of an infinitesimal coordinate transformation

" — 2" =2 + eX () (614)
where € is small and arbitrary and X* is a vector field. Differentiating gives

a la
% = 8 + ey X" (615)

Now substituting into the transformation equation and applying Taylor’s theorem

gu(x) = (65 + eaaXc)((Sgl + eabXd)gcd(:Jce +eX°)
(65 + eaaXc)((Sgl + eabXd)[gcd(:L') + €X0cgea(x) + ..
= 9us(¥) + (9200 X" + 9000 X' + X Degas] + O(€%). (616)
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Working to first order in € and subtracting g.;(2) from each side, it follows that the
quantity in the square brackets must vanish. This quantity is simply the Lie derivative
of ¢gup with respect to X, namely,

Lxgay = XO0Gap + 9aa0p X + gpa0s X* (617)

Now we can replace ordinary derivative and so, the condition for an infinitesimal
isometry becomes

Lxga = X°V. X, + VX, = 0. (618)

These equations are called Killing’s equations and any solution of them is called a
Killing vector field X*. The metric is dragged into itself” by the vector field X*.

Theorem: An infinitesimal isometry is generated by a Killing vector
X%(x) satisfying Lxg. = 0.

It is sufficient to restrict attention to infinitesimal transformations because
it is possible to build up any finite transformation with non-zero jacobian (i.e. a
continuous transformation) by an integration process involving an infinite sequence
of infinitesimal transformations.

14 The Schwarzschild Solution from Symmetry

14.1 Stationary Solutions

A metric will be stationary, if there exists a special coordinate system in which the
metric is visibly time-independent, i.e.

Gab
==, (619)

is a timelike coordinate. In an arbitrary coordinate system the metric will

where z°

probably depend explicitly on all the coordinates; so we need to make the statement
coordinate independent. Define a vector field

X =6, (620)
in the special coordinate system, then,
LXgab — Xcgab,c + gachb + gchfa = 58,gab,c = Gabo = 0 (621)

Lxgap1s a tensor, of if it vanishes in one coordinate system, it vanishes in all coordinate
systems. Hence, X® is a Killing vector field. Conversely, a given timelike Killing
vector field X?, then there always exists a coordinate system which is adapted to
the Killing vector field,, that in which the last equation holds, and then

0= LXgab = Gab,0, (622)

and so the metric is stationary. This is a coordinate-independent definition.
A space-time is said to be stationary, if and only if, it admits a time
like Killing vector field.
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14.2 Hypersurface-orthogonal vector fields

To discuss static solutions in a coordinate-independent way, we need to introduce
the concept of a hypersurface-orthogonal vector field. The equation of a family of
hypersurfaces is given by

f(a®) = (623)
where different members of the family correspond to different values of . Consider
two neighboring points with coordinates x* and (z® + dx®), respectively, lying in one
of the hypersurfaces, S.

af

p=fla" +da") = f(2") + ax“dxa (624)
to first order. Thus
0= a—fal ¢ (625)
= 9"
evaluated at 2*. Define the covariant vector field n, to the family of hypersurfaces
by
Ng = aaja dzr® (626)

then becomes
ngdzr® = gabn“d:pb =0

which tells us that n® is orthogonal to the infinitesimal contravariant vector field
dz®. Since dz® lies in S by construction, it follows that n® is orthogonal to S and is
therefore known as the normal vector field to S at ®. Any other vector field X*
is said to behypersurface-orthogonal, if it is everywhere orthogonal to the family
of hypersurfaces, in which case it must be proportional to n® everywhere, i.e.

X = Aa)n®

for some proportionality factor A, which in general will vary from point to point.

14.3 Gravitational Waves - Weak Field Approximation
In the weak gravitational field approximation:
Guv = Ny + by,  where h,, <<'1 (627)
The Christoffel symbol
1

) ZV = 5907[9;”,1/ + Gvrp — g;w,q—]
1 aT
= 59 (hm',u + hm’,u - hﬂ,l/ﬂ')
1 aT
> 0 (yr + b = Ry (628)
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The Ricci curvature tensor is

RMV = 721/,0_72071/—'_7;1/7;7_720757
1
~ 2
- § (hz,ua —I_ hg,ucr — U h#«l’ - hz,;w) (629)

where all terms second order (products of h,,) have been dropped. If one choses the
guage:

1
he, —=h%, =0 (630)

_5 o0

this choice of guage is one in which test particles will retain a fixed coordinate value.
In combined matter-energy free region R,, = 0 so that O%*h,, = 0. Solution to four
dimensional Laplacian (wave equation) is

by = h(x —ct) (631)

for a wave traveling in the = direction. This form results in only a few surviving
Riemann-Christoffel tensor R,,,, components. Applying the Einstein field equations
to these survivors shows that all the components of h,v are zero except hyz, hss, with
hos = hsy. Applying the guage condition yields hgz = —ho,.

00 0 O 0 0 0 0
00 0 O 0 0 0 0

B = 00 1 0 hos(x —ct) or = 00 0 1 has(x — ct) (632)
0 0 0 —1 0 0 1 0

Gravitational waves have two transverse polarizations, like electromagnetic waves,
and the independent functions fyy and has are their amplitudes. However, the
polarization does not have the same meaning as the EM case. It does not represent
dipole oscillations along the y and z axes respetively, for the leading component of
gravitational radiation is quadrupole. The metric is then

ds*c?dt* — dx® — (1 + hag)dy® + (1 — hgg)dz* — 2hy3dydz (633)

The invariant separation for two free particles separated by a distance Ay is

1

As = Ayy/1 4 hag >~ Ay(1 + §h22)
1

As = AZ\/l — h22 ~ AZ(l — §h22)

If Ay varies sinsoidally so does the physical separation. A rigid rod (“ideal”) keeps
physical separation As = constant so that Ay varies sinusoidally:

In the 2z direction

1
Ay ~ (1 — §h22)AS

The hgy and hos are called the plus and cross linear polarizations respectively.
One can conbine these to get two (left and right handed) circular polarizations.
[12pt,epsf]article
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P139 - Relativity
Problem Set 15: Quantum Gravity & Cosmology 1998 May

G. F. SMOOT
Department of Physics,
University of California, Berkeley, USA 94720

15 Quantum Gravity

This course ends with a summary of the issues of quantum gravity. These include
quantum effects in classical gravity such as Hawking radiation, quantum fluctuations
in Inflation, and radiation seen by an accelerating observer. There are problems of
extreme fluctuations in the metric and the formulation of a consistent quantum theory
of gravity. This shows both fundamental flaws in the classical gravity and quantum
mechanics which are the two major edifices of 20th century physics. We take a brief
excursion into zero point radiation showing that underneath there is a deep connection
between the structure of space-time (the vacuum), gravity, and quantum mechanics.
Then we head to the wave equation for the Universe and the wave function of the
Universe as the grand finale.

15.1 Curvature/Horizon Radiation

In our discussion of the laws of black holes and the parallel to thermodynamics
we found an expression for the effective temperature and entropy of a black black
hole. Then we saw that Steven Hawking (1975 “Particle Creation by Black Holes”
Commun. Math. Physics 43, 199-220) showed that quantum effects produced a
thermal radiation from the surface gravity and horizon. For your homework you did
a heuristic calculation of the spontaneous creation of particles in a field (electric,
magnetic, or gravitational) to see how this happens. The effective temperature of the
black hole from both approaches is given by the formula:

hk he? s (Mg
1. c3A
!
= —k—
§=84 (635)

Both this calculation and the estimate of quantum fluctuations in Inflation
were made in a classical, though curved, geometry. That is the background metric
was well-defined and smooth in the region of interest. The metric itseltf did not
undergo fluctuations in the straight forward approach. It is also possible to derive
the fluctuations in the Inflation case as fluctuations in the scale factor or in the scalar
field driving inflation.
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15.2 The Generalized Uncertainty Principle

The Heisenberg Uncertainty Principle tells us that the fundamental uncertainty in
position and thus spatial resolution is related to and limited by the uncertainty of
the momentum related with that direction.

AxzAp, > h or Az > h/Ap, (636)

That means if we want to probe and resolve to a distance Ax we must have a minimum
available momentum Ap, > hAz. Thus:

Az

he/E

\
N

. rs
dpianck ‘ —
|

E. pe; E ~ pec>> mc?

EPlanck

We also know that if we concentrate energy E within its Schwarschild radius, we can
get no information from inside the Schwarschild radius.

re = GE/c (637)

These two limits cross each other at the Planck energy Fpi,.x and distance
dpianet: which can be calculated by setting the two distances equal and solving for the
energy and then feeding back to get the distance.

hc5 1/2
Eplanck = (?) =1.22 x 10" GeV (638)
Gh 1/2
dPlanck = (—3) =1.6x 10_35m (639)
C

This would then be the logical end point of black hole evaporation. L.e. either
the final and smallest black which falls apart or a stable quantum relic. Understanding
this issue is one of the motivations for quantum gravity.

15.3 Zero Point Radiation

Consider a classical vacuum with all matter and thermal radiation removed. Is there
anything else in the vacuum. The classical answer is yes. There is what we shall
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call the zero point radiation which is an isotropic, homogeneous radiation field with
spectral intensity proportional to the frequency cubed.

15.3.1 Casmir Force

The first indication that we have that this field must exist is the measured Casmir
force. If two uncharged metal plates are placed in a very cold vacuum, there is a force
that attracts one plate toward the other in an amount proportional to the area of the
plates and the inverse fourth power of the separation.

A 0.5 x107%*cm

FCasmir = 02mg ﬁ (640)

1 ¢cm?

Ezercise Show that this is the force law if there is a radiation field with I o« v>.

15.3.2 Consistent with Special Relativity

Show that an isotropic, homogeneous radiation field with I oc ©? is the only radiation
field that is identical for all Lorentz-frame observers. That is that one cannot
determine one’s absolute velocity by measuring the intensity, angular distribution,
or spectrum of this radiation.

15.3.3 Ideal Harmonic Oscillator

Suspend an electron from an ideal spring fixed on the inside wall of an ultracold,
ultrahigh vacuum chamber. (i.e. perfect vacuum and no thermal radiation)

It the electron is displaced from its equilibrium position, then it will begin
to oscillate and the acceleration will cause it to radiate. The back reaction of the
radiation on the electron will damp down the oscillations to match the radiated energy
and the electron oscillations will asymptotically approach zero amplitude.

Now if you include the effect of the radiation field with I oc 2, show that the
electron continues to oscillate randomly with an amplitude that corresponds to the
Uncertainty Principle and with a rms energy equal to the zero point energy of the
harmonic oscillator. Thus the name zero point radiation even though no quantum
mechanics is thus far involved in this classical vacuum radiation field.

15.3.4 Uniformly Accelerating Observer Radiation

Show that an uniformly accelerating observer will see two radiation fields the zero
point radiation with I oc v® and a thermal spectrum of radiation with

ha

ome

T ~4x107%%a K/(cms™) (641)

Tacceleration —

Showing this relation then shows consistency with the Equivalence Principle since
a surface gravity k = ¢, gives exactly the same temperature. This also shows
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that black body radiation (Planckian distribution) arises classically from relativity
without recourse to quantum mechanics. Therefore we can conclude that some how
gravity /space-time and quantum mechanics are related at some deep fundamental
level.

15.4 Quantum Field Theory & Issues

Now that we know gravity and quantum mechanics are deeply related, then we are
ready to create a quantum field theory for gravity. First what is a field theory? Two
examples of field theory are:

Newtonian Gravity:

- GM
F=Fm= mr (642)

where ﬁg is the gravitational force field.
Electromagnetism:

F, = F,j" (643)

where F,, is the electromagnetic field tensor.

We showed as part of the homework that the fields of two objects create a
force through the mechanism of distorting the field lines to the minimum energy
configuration so that there is a net force because of the field distortion.

Then quantum mechanics started with the first quantization of the relevant
measurable quantities of the particle or system under consideration.

The second quantization is the quantization of the fields allowing them to be
treated as force carrying particles that are interchanged. This is the concept behind
the Feynman diagrams of particle interactions and this approach is called Quantum
Field Theory. A quantum field theory for gravity calls for a force carrier particle
given the name the graviton which is expected to be massless to obtain the 1/r? force
law and to have spin 2 in order to always be attractive.

This all sounds great so what are the issues holding us back from a full field
theory of quantum gravity?

We will need a third quantization: an operator that creates and annihilates
universes. This is daunting in that one does not think of seeing universes created and
destroyed regularly. But wait there is more:

(1) Quantum field theories are based on the assumption that the wave function
commute:

N

(), h(2")] = d(a)d(a’) = Pla')d(x) = 0 (644)

That is to say that if z and 2/ are causally disconnected, then a measure at z’ of ;/A)
cannot influence the value of ¥ at x. However what is the wave function for gravity?
It is going to be the probability amplitude of the metric. Does

[Gab(2), Gap(2")] = 07 (645)
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Only when @ and 2’ are in a space-like relation. We only know this is true when we
know what ¢,; is and we are trying to find its wave function and thus uncertain value.
(2) Superposition is taken for granted in quantum field theory. The wave function
is routinely written as the sum over the orthonormal basis set of the wave equation
1 = 3 states which assumes linearity However, gravity is non-linear and even more
of a problem the curvature of spacetime and a graviton are not readily separable
especially when the field strength variations are large.

insert picture showing curved space, add a recognizable graviton, and then a
chaotic structure of spacetime and defy the reader to find the graviton.
(3) Time: The entire causal structure of spacetime is destroyed when one attempts
to quantize g,,. Microcausality ... need background metric ...

...... superspace as a desired solution

ds* = Adt* — goudtdz® — gabdx“dxb

Oy
ZW = H1

D7, t) = N / Sa(t) ¢S

where N is the normalization and €' is the class of paths which are weighted in a
away that reflects the projection of the system.

15.5 Wave Equation for the Universe

UL M (PR(x) =20 = T)| (i) = 0 (646)
O ) —2A — ) =
G S g g 8t/ G Jis
where
1 _ )
Gijr = 59 Y2 (gt + gagin — gijgn)  and T = Tg(4, —id/09) (647)

This is not such a bad equation since it is for three instead of four dimensions
and ¢, 1s symmetric tensor giving us only six unknown functions. This is still a bit
much for this class but fortunately we can appeal to some boundary conditions and
symmetry.

214



15.6 Wave Function for the Universe

For a homogeneous, isotropy universe with a constant vacuum energy density p, this
reduces to a one dimensional problem. We get a wave equation which has as its

classical analog the Friedman equation, (d/a)2 +1/a* = A/3, for a vacuum energy
dominated universe (aka as DeSitter Space).

which has solution of the form a(t) = agcosh(ct/ag), where ag = /A/3. This is the
form of the Schrodinger wave equation for a particle of zero energy with coordinate
a(t) (the scale factor for the universe) in potential U(a) = a* (1 — H?a?). The
classically allowed region is @ > H~!. The solution to this equation is a linear
combination of Airy functions Ai[z(a)] and Bi[z(a)], where z(a) = (372a2/4G)*3(1 —
2fa)

Potential
|
N
I
|

-6 - - [ T [ T [ - P Y - L

0.0 0.5 1.0 1.5 2.0 2.5
a in units of H™'

Figure 1: Potential for DeSitter Space Universe
Plot sample wave functions on this graph. The wave function one obtains

is set by the boundary conditions that one sets for the universe which in turn set
the coefficients for the Airy functions Ai[z(a)] and Bi[z(a)]. The Hartle-Hawking,
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Vilenkin, and Linde wavefunctions are

P o Aifz(a)]
Vo AAaATO0] 4 Bl 0]
W S (Ailx(a)] + Bilz(a)])
Pveurs o er Aifz(a)] 4 caBilz(a)] (649)

Chose your boundary condition and set the complex coefficients ¢; and ¢, to match
your boundary conditions and show your results on the plot of the potential along
with the wave functions of Hartle-Hawking, Vilenkin, and Linde. Hint: It is good to
have your solution contain the expanding universe in the classical region.
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