Physics 139 - Relativity Problem Set 11 Due Week April 10, 2003

G. F. SMOOT Department of Physics, University of California, Berkeley, USA 94720

Gravitational Lensing

Show your development of the solution by equations and diagrams before the evaluation to indicate your understanding of the problem.

1 Gravitational Lenses and Time Delay

Suppose a galaxy acting as a “gravitational lens” produces two “images” of a distant quasar. Suppose that the galaxy is at a distance R/2, midway between the quasar and observer (as illustrated). Suppose that the impact parameters of the two light rays passing by the galaxy are b_1 and b_2. Treating the galaxy as a point-like mass M and using the linear approximation for the relativistic gravitational field, find an expression for the difference in travel times along the two light rays. Evaluate the time delay numerically for b_1 = 5 × 10^5 light years, b_2 = 1 × 10^5 light-years, and M = 10^{11} solar masses.

b_1

b_2 θ_1

θ_2

R/2 R/2 Observer Galaxy

Quasar b_o b_1 − b_o

6
6

‘‘‘‘‘‘‘ ‘‘‘‘‘‘‘

!!!!

!!!!

!!!! !! aaaa

aaaa aaaa aa

6

?

aaa
   aaa
     aaa
        aaa
          aaa
             aaaa

‡ Hint: Take into account the difference in path length between the two rays and the difference in the effective speed of light in the gravitational field; in lowest order of approximation, these two contributions can be combined additively. Ignore cosmological effects, that is, pretend that the background space-time is flat and static.

2 Bending of Path by the Sun

A relativistic particle of mass m and velocity v passes by the Sun with impact parameter (closest approach) b. The particle comes from infinitely far away and goes to infinitely far away. Find the angle of deflection caused by the Sun using the impact parameter approach used in the bending of light. Evaluate and show that in the two limits:

(a) Non-relativistic limit → 2GM_⊙/v^2b → 2GM_⊙/c^2b (b) Highly relativistic limit → 4GM_⊙ /c^2b (1 + E/pv) → 4GM_⊙ /c^2b

3 Generic Mass/Potential Distribution Lens

Argue that one can either treat light through a lens with a potential ϕ either as having an index of refraction n = 1 + 2ϕ/c^2 or by the impact parameter approximation - impulse to a straight path (along z axis) to give bending angle(s) of ⃗α = − 2 c^2 Z ⃗∇_⊥ϕdz^′ α_x = − 2 c^2 Z ∂ϕ ∂x^′ dz^′ α_y = − 2 c^2 Z ∂ϕ ∂y^′ dz^′ Taking into account the relartive distances between the observer and source, D_s, observer and lens, D_d, and lens and source, D_{ds} the observed angle is scaled by the factor D_{ds}/D_dD_s ⃗α_i = 2 c^2 D_{ds} D_s Z ⃗∇_⊥ϕ dz^′ ≡ ⃗∇ψ Where ψ(⃗β) = 2 c^2 Z D_{ds} D_dD_s ϕdz If the typical value for the variation in ϕ with position is δϕ/c^2 ∼ 10^{−5} on distances scales of 1 Mpc and above, what is the typical angle of deflection. Assume that the source and lens distances are large (e.g. more than Gpc). If the source image size if roughly 3 arcsecond diameter, what are typical values for magnification κ and shear γ which are the partial second derivatives of the effective potential?

4 Galaxy as Gravitational Lens

(a) A very distant quasar (z > 3) is located nearly directly behind an elliptical galaxy of mass M_g = 10^{12}M_⊙ = 2×10^{42} kg which is 100 milion light years away. Assume that the galaxy is compact relative to the light path. What would be the angular radius of the Einstein ring of light from the quasar observed around the lensing galaxy? (b) What would be angular radius of the Einstein ring, if the galaxy-observer distance were twice as great?

(c) How would the answer change, if the outside the nucleus the mass distribution causes a flat rotation curve. That is the orbital velocity is independent of radius.

œ � � r = distance from galactic center

Orbital Velocity

                -

6

⊆≡ ⊇≍_{ııııı1}PP_{PPPq Observer}

Source

Galaxy α

D b6

Show in this case that the mass inside of impact parameter b is M(r < b) ∝ b, where r is the radius from the center of the galaxy. (Derive a formula for the Einstein ring angular radius as a function of b and D the distance between lens and observer.) (d) What would be the results in the unphysical case of a galaxy with a potential (mass) distribution such that it rotated as a solid object?

5 Lensing Probability

If the density of ellipitical or spiral galaxies is about 0.02 h^3 Mpc^{−3}, what is the probability that a very distant source (10^{10} light years) is lensed? A Mpc = megaparsec = 3.26 million light years.