P139 - Relativity Problem Set 14: Cosmology 2003 April

G. F. SMOOT Department of Physics, University of California, Berkeley, USA 94720

1 Contents

Suppose that total sum of the Universe’s content provide just matches the critical energy density ρ_c = 3H^2/8πG (1) Evaluate this for a current Hubble expansion rate of 72 km/sec/Mpc and express it in units of gm/cm^3 and joules/cm^3.

If the contents of the Universe are:

(2) Ω_{DE} = 0.7 i.e. Dark Energy is 70 per cent of the critical density. Then what is the pressure of this dark energy, if one assumes w = −1? Express this in Newtons/m^2 and/or atmospheres.

(3) How much Dark Energy is there stored in the solar system (out to 40 AU, e.g. out past Pluto)? How does that compare to the rest energy of the Sun? Will it make a measureable difference to solar system dynamics and things such as the Shapiro time delay? How many seconds of solar power output, given that the luminosity of the sun is Lfi = 2 × 10^{26}watts = 2 × 10^{33}erg/s.

(4) What is the energy density and pressure from the cosmic microwave background which has a temperature of 2.725 K?

2 Radius in Isotropic, Homogeneous Space

The Robertson-Walker metric in (r, θ, ϕ) form is

ds^2 = c^2dt^2 − dr^2 1 − k (r/R)^2 − r^2 ( dθ^2 + sin^2θ^2dϕ^2 ) where k = {

+1 closed 0 flat −1 open (1) Thus the distance from the origin to r = b with t, θ, ϕ constant is the radius and

radius = ∫ b 0 dl = ∫ b 0 dr √ 1 − k (r/R)^2 (2) The solution is

radius = {

Rsin�^{1 b}_R positive curvature =^1_{R2} b flat or infinte curvature Rsinh�^{1 b}_R negative curvature = −^1_{R2} (3)

Plot the radius as a function of b for the three geometries (0 ≤ b ≤ πR). Then make separate plots of (1) the circumference of a circle centered on the origin divided by 2πradius, (2) the area of a sphere centered on the origin divided by 4πradius^2 (3) the volume of a sphere centered on the origin divided by 4πradius^3/3 for each of the three geometries.

3 True Distance

Find the true (measured) distance from the Earth to the quasar QSO(OH471) which has a redshift of z = 3.4 (z + 1 = R_0/R_{QSO} = a_0/A_{QSO}) Assume that our universe is a closed Friedman universe at current epoch t_0 = 1.4 × 10^{10} years and is matter dominated.

4 Friedmann Equation and Effective Potential

The energy conservation Friedmann equation is

ȧ^2 a^2 = 8π 3 Gρ + Λ 3 − k a^2 (4) Rewrite this equation without the cosmological constant or with the cosmological constant changed to a vacuum energy and included in the energy density as ρ_v into a more explicit form that shows it is the conservation of energy equation: K.E. + P.E. = constant i.e. 1 2 ȧ^2 + P.E. = 1 2 ka^2 One could actually include the curvature term in the potential energy and in some treatments it is.

(b) Making use of the relation ρ_x = ρ_{critical}Ω_x/a^{3(1+w)} for constituent x with equation of state P = wρ. Write the potential for a universe with vacuum energy x = v, w_v = −1 matter x = m, w_m = 0, and relativisitic particles (radiation and neutrinos) with x = r, w_r = 1/3 in terms of Ω_x’s and a. Remember ρ_{critical} is the density for which k = 0.

Make a plot of the potentials for the following universe models showing potential energy versus a for 0 ≤ a ≤ 3. This should allow you to predict the future for each of these universes given that we are at a = 1 (the value of a for which the densities are quoted).

Model Universes Constituents

Stuff Fiducial Critical Matter Open Vacuum Energy Ω_v = 0.7 0 0 Matter Ω_m = 0.3 1.0 0.3 Rel. Rad. Ω_r = 8 × 10�^5 8 × 10�^5 8 × 10�^5

5 Expansion Rate and Temperature

In the radiation dominated era we know that a ∝ t^{1/2} So that H = ȧ a = 1 2 1 t One Friedmann equation (energy conservation) gives us ( ȧ a )^2 = 8π 3 Gρ for the early universe the curvature is negligible (see the notes). Taking the square root gives ȧ a = √ 8π 3 Gρ = √ 8π 3 G g_{eff} 2 σ_{SB} T^2

Thus we have the relationship

2H = 1 t = √ 16πGσ_{SB} 3c^2 g_{eff} T^2 ∼= 3.027 × 10�^{21}[ T 1K ]^2sec�^1

By dimensional analysis this should depend on the inverse square of the kinetic energy kT in terms of the the Planck energy (Planck mass, M_{P l} = √ h̄c/G times c^2), times the Planck time t_{P l} = √ h̄G/c^5, and clearly from above the coefficient includes 1/√g_{eff} .

g_{eff} is the effective number of degrees of freedom. Find the proportionality factor for the dimensional analysis relation t ∝ 1 √g_{eff} ( kT M_{P l}c^2 )�^2t_{P l}

6 Cosmic Strings

extra credit and fun problem These are essentially one dimensional regions of the higher energy vacuum state. Compute the bending of light by a cosmic string of mass per unit length μ. How does this depend upon impact parameter?

The metric line element in cyclindrical coordinates for a straight cosmic string on the z-axis is ds^2 = dt^2 − dr^2 − (1 − 8Gμ/c^2)r^2dθ^2 − dz^2

where the mass per unit length is μ = πr^2_0ρ_0 under the condition Gμ << 1 This shape for the line element can be derived from the cyclindrical symmetry and mirror/translational symmetry. Compute the circumference of a circle of radius r around the string at fixed values of z and t. Does this match the geometry of a conical space? That is, a sheet with an angle Φ = 8πGμ/c^2 cut from it and the edges identified to make a conical surface?

A static string has no active gravitational mass, because the tension along the string just cancels the energy per unit length. However, if a string is not straight as would be expected due to the random walk of its production in causally disconnected regions, the tension will cause the string to want to straighten. Since the tension and mass per unit length match, the string will try to straighten at relativistic speeds.

What would happen if such a string passed through you as an unbiased observer? Hint: We can assume that the cosmic string is moving at a speed comparable to the velocity of light. The passage of the string should causes no immediate rearrangement of material in you, because space is flat with no tidal forces, outside the very narrow coherence width of the string. However, the deficit angle leaves the two sides of the observer approaching at a speed approximately vΦ. For Gμ/c^2 ∼ 10�^6 corresponding to a GUT energy scale of about 10^{16} GeV, this corresponding to a cut closure velocity of about 1 kilometer per second.

This same process would happen to the matter in the universe leaving a wake behind a moving string. It is possible to produce galaxies as a result of string wakes after matter-radiation decoupling at a redshift of about 1000. A Rough estimate is that the wake from a string with Gμ/c^2 = 10�^6 moving speed about the speed of light will at a redshifit of about 1000 produce a density fluctuation on the scale of 1h^1 Mpc a density enhancement per unit area of about 10^{11}h�^1 Mfi Mpc�^2. This is about the right scale for a galaxy.