1 KALUZA-KLEIN THEORY

The Kaluza-Klein idea of extra spacetime dimensions continues to pervade current attempts to unify the fundamental forces, but in ways somewhat different from that originally envisaged.

1.1 The Kaluza idea

In 1919 Maxwell’s theory of electromagnetism was well established and Einstein had recently formulated his General Theory of Relativity. By contrast, the strong and weak interactions were not well understood. In searching for a unified theory of the fundamental forces, therefore, it was natural to attempt to merge gravity with electromagnetism. This Kaluza [1] was able to do through the remarkable device of postulating an extra fifth dimension for spacetime. Consider Einstein’s theory of pure gravity in five spacetime dimensions with signature (−, +, +, +, +). The line element is given by

dŝ^2 = ĝ_{μ̂ν̂} dx̂^{μ̂}dx̂^{ν̂} (1)

where μ̂ = 0, 1, 2, 3, 4 and all hatted quantities are five-dimensional. Kaluza then made the 4 + 1 split ĝ_{μ̂ν̂} = e^{ϕ/√3} ( g_{μν} + e^{−√3ϕ}A_μA_ν e^{−√3ϕ}A_μ e^{−√3ϕ}A_ν e^{−√3ϕ} ) (2) where x̂^{μ̂} = (x^μ, y), μ = 0, 1, 2, 3, and all unhatted quantities are fourdimensional. Thus the fields g_{μν} (x), A_μ(x) and ϕ(x) transform respectively as a tensor, a vector and a scalar under four-dimensional general coordinate transformations. All this was at the classical level, of course, but in the modern parlance of quantum field theory, they would be described as the spin 2 graviton, the spin 1 photon and the spin 0 dilaton^1. Of course it is not enough to call A_μ by the name photon, one must demonstrate that it satisfies Maxwell’s equations and here we see the Kaluza miracle at work. After making the same 4 + 1 split of the five-dimensional Einstein equations R̂_{μ̂ν̂} = 0,

1This was considered an embarassment in 1919, and was (inconsistently) set equal to zero. However, it was later revived by Jordan [4] and Thiry [5] and subsequently stimulated Brans-Dicke [6] theories of gravity. The dilaton also plays a crucial role in superstring theory

we correctly recover the not only the Einstein equations for g_{μν} (x) but also the Maxwell equation for A_μ(x) and the massless Klein-Gordon equation for ϕ(x). Thus Maxwell’s theory of electromagnetism is an inevitable consequence of Einstein’s general theory of relativity, given that one is willing to buy the idea of a fifth dimension.

1.2 The Klein idea

Attractive though Kaluza’s idea was, it suffered from two obvious drawbacks. First, although the indices were allowed to range over 0, 1, 2, 3, 4, for no very good reason the dependence on the extra coordinate y was suppressed. Secondly, if there is a fifth dimension why haven’t we seen it? The resolution of both these problems was supplied by Oskar Klein [2] in 1926. Klein insisted on treating the extra dimension seriously but assumed the fifth dimension to have circular topology so that the coordinate y is periodic, 0 ≤ my ≤ 2π, where m is the inverse radius of the circle S^1. Thus the space has topology R^4 × S^1. It is difficult to envisage a spacetime with this topology but a simpler analogy is provided by a hosepipe: at large distances it looks like a line R^1 but closer inspection reveals that at every point on the line there is a little circle, and the topology is R^1 × S^1. So it was that Klein suggested that there is a little circle at each point in four-dimensional spacetime.

Let us consider Klein’s proposal from a modern perspective. We start with pure gravity in five dimensions described by the action

Ŝ = 1 2κ̂^2 ∫ d^5x̂ √ −ĝR̂ (3) Ŝ is invariant under the five-dimensional general coordinate transformations

δĝ_{μ̂ν̂} = ∂_{μ̂}ξ̂^{ρ̂}ĝ_{ρ̂ν̂} + ∂_{ν̂}ξ̂^{ρ̂}ĝ_{ρ̂μ̂} + ξ̂^{ρ̂}∂_{ρ̂}ĝ_{μ̂ν̂} (4)

The periodicity in y means that the fields g_{μν} (x, y), A_μ(x, y) and ϕ(x, y) may be expanded in the form g_{μν} (x, y) = n=∞∑ n=−∞ g_{μνn} (x)e^{inmy} ,

A_μ(x, y) = n=∞∑ n=−∞ A_{μn}(x)e^{inmy}, ϕ(x, y) = n=∞∑ n=−∞ ϕ_ne^{inmy} (5) with g^∗_{μνn}(x) = g_{μν−n} (x) (6) etc. So (as one now finds in all the textbooks) a Kaluza-Klein theory describes an infinite number of four-dimensional fields. However (as one finds in none of the textbooks) it also describes an infinite number of four-dimensional symmetries since we may also Fourier expand the general coordinate parameter ξ̂μ̂(x, y) as follows ξ̂^μ(x, y) =^{n=∞}∑ n=−∞ ξ^μ_n(x)e^{inmy} ξ̂^4(x, y) =^{n=∞}∑ n=−∞ ξ^4_n(x)e^{inmy} (7)

with ξ̂^{∗μ̂}_n = ξ̂^{μ̂}_{−n}.

Let us first focus on the n = 0 modes in (5) which are just Kaluza’s graviton, photon and dilaton. Substituting (2) and (5) in the action (3), integrating over y and retaining just the n = 0 terms we obtain (dropping the 0 subscripts) S = 1 2κ^2 ∫ d^4x √ −g[R − 1 2 ∂_μϕ∂^μϕ − 1 4 e^{−√3ϕ}F_{μν} F^{μν} ] (8)

where 2πκ^2 = mκ̂^2 and F_{μν} = ∂_μA_ν − ∂_ν A_μ. From (4), this action is invariant under general coordinate transformations with parameter ξ^μ_0, i.e (again dropping the 0 subscripts) δg_{μν} = ∂_μξ^ρg_{ρν} + ∂_ν ξ^ρg_{μρ} + ξ^ρ∂_ρg_{μν} δA_μ = ∂_μξ^ρA_ρ + ξ^ρ∂_ρA_μ δϕ = ξ^ρ∂_ρϕ, (9) local gauge transformations with parameter ξ^4_0

δA_μ = ∂_μξ^4 (10)

and global scale transformations with parameter λ δA_μ = λA_μ, δϕ = −2λ/ √ 3 (11)

The symmetry of the vacuum, determined by the VEVs

< g_{μν} >= η_{μν} , < A_μ >= 0, < ϕ >= ϕ_0 (12)

is the four-dimensional Poincare group ×R. Thus, the masslessness of the the graviton is due to general covariance, the masslessness of the photon to gauge invariance, but the dilaton is massless because it is the Goldstone boson associated with the spontaneous breakdown of the global scale invariance. Note that the gauge group is R rather than U(1) because this truncated n = 0 theory has lost all memory of the periodicity in y.

Now, however, let us include the n ≠ 0 modes. An important observation is that the assumed topology of the ground state, namely R^4 × S^1 restricts us to general coordinate transformations periodic in y. Whereas the general covariance (9) and local gauge invariance (10) simply correspond to the n = 0 modes of (4) respectively, the global scale invariance is no longer a symmetry because it corresponds to a rescaling δĝ_{μ̂ν̂} = − 1 2 λĝ_{μ̂ν̂} (13)

combined with a a general coordinate transformation

ξ^4 = −λy/m (14)

which is now forbidden by the periodicity requirement. The field ϕ_0 is therefore merely a pseudo-Goldstone boson.

Just as ordinary general covariance may be regarded as the local gauge symmetry corresponding to the global Poincare algebra and local gauge invariance as the gauge symmetry corresponding to the global abelian algebra, so the infinite parameter local transformations (7) correspond to an infiniteparameter global algebra with generators P^μ_n = e^{inmy} ∂^μ M^{μν}_n = e^{inmy} (x^μ∂^ν − x^ν ∂^μ) Q_n = ie^{inmy} ∂/∂(my) (15) It is in fact a Kac-Moody-Virasoro generalization of the Poincare/gauge algebra [7]. Although this larger algebra describes a symmetry of the fourdimensional theory, the symmetry of the vacuum determined by (12) is only

Poincare ×U(1). Thus the gauge parameters ξ^μ_n and ξ^4_n with n ≠ 0 each correspond to spontaneously broken generators, and it follows that for n ≠ 0 the fields A_{μn} and ϕ_n are the corresponding Goldstone boson fields. The gauge fields g_{μν n}, with two degrees of freedom, will then each acquire a mass by absorbing the the two degrees of freedom of each vector Goldstone boson A_{μn} and the one degree of freedom of each scalar Goldstone boson ϕ_n to yield a pure spin 2 massive particle with five degrees of freedom. This accords with the observation that the massive spectrum is pure spin two [8]. Thus we find an infinite tower of charged, massive spin 2 particles with charges e_n and masses m_n given by e_n = n √ 2κm, m_n = |n|m (16) Thus Klein explained (for the first time) the quantization of electric charge [3]. (Note also that charge conjugation is just parity tranformation y → −y in the fifth dimesion.) Of course, if we identify the fundamental unit of charge e = √ 2κm with the charge on the electron, then we are forced to take m to be very large: the Planck mass 10^{19} GeV , way beyond the range of any current or forseeable accelerator. This answers the second question left unanswered by Kaluza because with m very large, the radius of the circle must be very small: the Planck size 10^{−35} meters, which satisfactorily accords with our everyday experience of living in four spacetime dimensions.

It is interesting to note that, despite the inconsistency problems [9] that arise in coupling a finite number of massive spin two particles to gravity and/or electromagnetism, Kaluza-Klein theory is consistent by virtue of having an infinite tower of such states. Any attempt to truncate to a finite non-zero number of massive modes would reintroduce the inconsistency [10]. We also note, however, that these massive Kaluza-Klein modes have the unusual gyromagnetic ratio g = 1 [11], which seems to lead to unacceptable high-energy behaviour for Compton scattering [12]. Moreover, as we shall see in section (??), where we embed the theory in a superstring theory, these Kaluza-Klein states will persist as a subset of the full string spectrum. However, string theory comes to the rescue and ensures correct high-energy behaviour.

In summary, it seems that a five-dimensional world with one of its dimensions compactified on a circle is operationally indistinguishable from a four dimensional world with a very particular (albeit infinite) mass spectrum. From this perspective, therefore, it seems that one could kick the ladder away and forget about the fifth dimension.

2 The Kaluza-Klein black hole

The equations which follow from (8) admit electrically charged black hole solutions [13, 14, 15, 16]:

ds^2 = −Δ_+Δ_−^{−1/2}dt^2 + Δ_+^{−1}Δ_−^{1/2}dr^2 + r^2Δ_−^{3/2}dΩ^2

e^{2ϕ} = Δ^{√3}_−

e^{−√3ϕ∗}F = (r_+r_−)^{1/2}ϵ_2 (17)

where Δ_± = 1 − r_±/r and ϵ_2 is the volume form on S^2. The electric charge e and ADM mass m are related to r_± by √ 2κe/4π = (r_+r_−)^{1/2}

2κ^2m/4π = 2r_+ − r_− (18)

The existence of an event horizon, r_+ ≥ r_−, thus implies the bound √ 2κm ≥ e (19) In the extreme limit, r_+ = r_−, the line element reduces to

ds^2 = −Δ_−^{1/2}dt^2 + Δ_−^{−1/2}dr^2 + r^2Δ_−^{3/2}dΩ^2 (20)

and the bound (19) is saturated. Note that this yields exactly the same charge to mass ratio (16) as the massive Kaluza-Klein states. As we shall show in section (??), this is no coincidence: the massive states are extreme black holes!

The same equations also admit the magnetically charged black hole solution with the same metric but with

e^{−2ϕ} = Δ^{√3}_−

F = (r_+r_−)^{1/2}ϵ_2 (21)

and with magnetic charge g given by √ 2κg/4π = (r_+r_−)^{1/2} (22)

In the extreme limit, r_+ = r_−, this is the Kaluza-Klein monopole [15, 17, 18].

We note that the four-dimensional monopole metric g_{μν} of (20) exhibits a curvature singularity at r = r_−, even though the five-dimensional metric ĝ_{μ̂ν̂} of (2) from which it is descended is perfectly regular! This appears to contradict the impression gained at the end of the last section that the fivedimensional perspective is an unnecessary luxury. However, consider the Weyl rescaled metric g̃_{μν} = e^{√3ϕ}g_{μν} . The magnetic monopole line element is now ds̃^2 = −Δ_−^{−1}dt^2 + Δ_−^{−2}dr^2 + r^2dΩ^2 (23)

and the curvature singularity at r = r_− has disappeared! The physical significance of this metric is that it is the one that couples to the worldline of an electrically charged point particle [19, 20]. We shall return to this in section (??).

3 The humble torus

In D > 5 dimensions the pure gravity field equations R̂_{μ̂ν̂} = 0 are consistent with the ground state M_4 × T^k where T^k is the metrically flat k-torus T^k = S^1 × S^1 × ...S^1. The gauge group is now G = [U(1)]^k. The count of massless modes (degrees of freedom) is: 1 spin 2 (2); k spin 1 (2k); k(k + 1)/2 spin 0 (k(k + 1)/2). Note that the total number of degrees of freedom is (4 + k)(1 + k)/2 which matches the degrees of freedom of a graviton in D = 4 + k dimensions. The number of scalars is given by the moduli of T^k and they parameterize the non-linear σ-model GL(k, R)/SO(k) [21]. Thus even the humble torus (in the words of Abdus Salam), the simplest of extra-dimensional geometries one could envisage, gives rise to a non-trival four-dimensional world.

As we shall now show, the torus becomes even more non-trivial in the context of supergravity theory. Here, in addition to the metric ĝ_{μ̂ν̂} , the D = 10 supergravity multiplet contains a 2-form B̂_{μ̂ν̂} and a dilaton Φ̂. After compactification to D = 4 on a torus, the bosonic degrees of freedom count now is: 1 spin 2; 12 spin 1; and 38 scalars composed of 36 moduli parameterizing SO(6, 6)/SO(6) × SO(6) and an axion and dilaton parameterizing SL(2, R)/U(1). There will also be an equal number of fermion degrees of freedom: 4 spin 3/2 and 28 spin 1/2. If we include the Yang-Mills multiplet we obtain a further 16 spin 1; 64 spin 1/2 and 96 spin 0 so that the moduli coset is then SO(6, 22)/SO(6) × SO(22). Since this theory is the field theory limit of the heterotic string compactfied on a generic torus let us consider the action in more detail [26, 27]. Its bosonic sector is given by: S = 1 2κ^2 ∫ d^4x √ −Ge^{−Φ}[R_G + G^{μν} ∂_μΦ∂_ν Φ − 1 12 G^{μλ}G^{ντ} G^{ρσ} H_{μνρ}H_{λτ σ} − 1 4 G^{μλ}G^{ντ} F_{μν}^a(LML)_{ab}F_{λτ}^b + 1 8 G^{μν} T r(∂_μML∂_ν ML)] (24) where F_{μν}^a = ∂_μA_ν^a−∂_ν A_μ^a and H_{μνρ} = (∂_μB_{νρ}+2A_μ^aL_{ab}F_{νρ}^b)+permutations. Here Φ is the D = 4 dilaton, R_G is the scalar curvature formed from the string metric G_{μν} , related to the canonical metric g_{μν} by G_{μν} ≡ e^Φg_{μν} . B_{μν} is the 2-form which couples to the string worldsheet and A_μ^a (a = 1, ..., 28) are the abelian gauge fields. M is a symmetric 28 × 28 dimensional matrix of scalar fields satisfying MLM = L where L is the invariant metric on O(6, 22):

L = 0 I_6 0 I_6 0 0 0 0 −I_{16} . (25)

The action is invariant under the O(6, 22) transformations M → ΩMΩ^T , A_μ^a → Ω^a_bA_μ^b, G_{μν} → G_{μν} , B_{μν} → B_{μν} , Φ → Φ, where Ω is an O(6, 22) matrix satisfying Ω^T LΩ = L. T -duality corresponds to the O(6, 22; Z) subgroup and is known to be an exact symmetry of the full string theory. The equations of motion, though not the action, are also invariant under the SL(2, R) transformations: M → ωMω^T , F_{μν}^{aα} → ω^α_β F_{μν}^{aβ} , g_{μν} → g_{μν} , M → M where α = 1, 2 with F_{μν}^{a1} = F_{μν}^a and F_{μν}^{a2} = ( λ_2(ML)^a_bF̃_{μν}^b + λ_1F_{μν}^a ) , where ω is an SL(2, R) matrix satisfying ω^T Lω = L and where M = 1 λ_2 ( 1 λ_1 λ_1 |λ|^2 ) , L = ( 0 1 −1 0 ) . (26)

λ is given by λ = Ψ + ie^{−Φ} ≡ λ_1 + iλ_2. The axion Ψ is defined through the relation √ −gH^{μνρ} = −e^{2Φ}ϵ^{μνρσ} ∂_σΨ. S-duality corresponds to the SL(2, Z) subgroup and, as discussed in section (??) there is now a good deal of evidence [22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32] in favor of its also being an exact symmetry of the full string theory. It generalizes earlier conjectures in global Yang-Mills theories [33, 34, 35, 36]

References

[1] Th. Kaluza, Sitzungsber. Preuss. Akad. Wiss. Phys. Math. Klasse 996 (1921).

[2] O. Klein, Z. F. Physik 37 (1926) 895. [3] O. Klein, Nature 118 (1926) 516.

[4] P. Jordan, Ann, der. Phys., Lpz.1 (1947) 219. [5] Y. Thiry, Acad. Sci. Paris 226 (1948) 216 and 1881. [6] C. Brans and R. H. Dicke, Phys. Rev. 124 (1961) 925. [7] L. Dolan and M. J. Duff, Phys. Rev. Lett. 52 (1984) 14. [8] A. Salam and J. Strathdee, Ann. Phys. 141 (1982) 316. [9] D. Boulware and S. Deser, Phys. Rev. D6 (1972) 3368. [10] M. J. Duff, C. N. Pope and K. S. Stelle, Phys. Lett. B223 (1989) 71. [11] A. Hosoya, K. Ishikawa, Y. Ohkuwa and K. Yamagishi, Phys. Lett.

B134 (1984) 44.

[12] S. Ferrara, M. Porati and V. L. Telegdi, Phys. Rev. D46 (1992) 3529. [13] P. Dobiasch and D. Maison, Gen. Rel. Grav. 14 (1982) 231. [14] A. Chodos and S. Detweiler, Gen. Rel. Grav. 14 (1982) 879. [15] D. Pollard, J. Phys. A16 (1983) 565. [16] G. W. Gibbons, Nucl. Phys. B207 (1982) 337. [17] D. Gross and M. J. Perry, Nucl. Phys. B226 (1983) 29. [18] R. Sorkin, Phys. Rev. Lett. 51 (1983) 87. [19] M. J. Duff and J. X. Lu, Nucl. Phys. B416 (1994) 301.

[20] M. J. Duff, R. R. Khuri, R. Minasian and J. Rahmfeld, Nucl. Phys.

B418 (1994) 195.

[21] E. Cremmer and B. Julia, Nucl. Phys. B159 (1979) 141. [22] M. J. Duff and J. X. Lu, Nucl. Phys. B347 (1990) 394. [23] M. J. Duff, Phys. Lett. B173 (1986) 289.

[24] A. Font, L. Ibanez, D. Lust and F. Quevedo, Phys. Lett. B249 (1990) 35. [25] S. Kalara and D. V. Nanopoulos, Phys. Lett. B267 (1991) 343. [26] J. H. Schwarz and A. Sen, Phys. Lett. B312 (1993) 105. [27] A. Sen, TIFR/TH/94-03, hep-th/9402002. [28] P. Binetruy, Phys. Lett. B315 (1993) 80.

[29] M. J. Duff and R. R. Khuri, Nucl. Phys. B411 (1994) 473. [30] M. J. Duff and J. Rahmfeld, CTP-TAMU-25/94, hep-th/9406105. [31] J. Gauntlett and J. H. Harvey, EFI-94-36, hep-th/9407111. [32] C. Vafa and E. Witten, HUTP-94-A017, hep-th/9408074. [33] C. Montonen and D. Olive, Phys. Lett. B72 (1977) 117. [34] P. Goddard, J. Nyuts and D. Olive, Nucl. Phys. B125 (1977) 1. [35] E. Witten and D. Olive, Phys. Lett. B78 (1978) 97. [36] H. Osborn, Phys. Lett. B83 (1979) 321.

[37] O. Klein, in New Theories in Physics (International Institute of Intellectual Cooperation, Scientific Collection, Paris, 1939).

[38] D. Gross, in Proceedings of the Oskar Klein Centenary Symposium (World Scientific, to appear).

[39] B. S. De Witt in Relativity, Groups and Topology, eds C. and B. S. De Witt (Gordan and Breach, New York, 1964).

[40] J. Rayski, Acta. Phys. Polon. 27 (1965) 947 and 28 (1965) 87. [41] R. Kerner, Ann. Inst. Poincare, Sect. A9 (1968) 29. [42] A. Trautmann, Rep. Math. Phys. 1 (1970) 29. [43] Y. M. Cho, J. Math. Phys. 16 (1975) 2029.

[44] Y. M. Cho and P. G. O. Freund, Phys. Rev. D12 (1975) 1711. [45] Y. M. Cho and P. S. Yang, Phys. Rev. D12 (1975) 3789. [46] E. Cremmer, Z. Horvath, L. Palla and J. Scherk, Nucl. Phys. B127 (1977) 57.

[47] J. F. Luciani, Nucl. Phys. 135 (1978) 111.

[48] D. Z. Freedman, P. van Nieuwenhuizen and S. Ferrara, Phys. Rev. D13 (1976) 3214.

[49] S. Deser and B. Zumino, Phys. Lett. B62 (1976) 335. [50] W. Nahm, Nucl. Phys. B135 (1978) 149.

[51] E. Cremmer, B. Julia and J. Scherk, Phys. Lett. B76 (1978) 409. [52] S. Weinberg, in Proc. 5th Workshop on Grand Unification (1984). [53] P. G. O. Freund and M. A. Rubin, Phys. Lett. B97 (1980) 233. [54] E. Witten, Nucl. Phys. B186 (1981) 412.

[55] M. J. Duff and C. N. Pope, in Supersymmetry and Supergravity 82, eds.

Ferrara, Taylor and van Nieuwenhuizen (World Scientific,1983). [56] M. J. Duff, Nucl. Phys. B219, (1983) 389.

[57] M. J. Duff, B. E. W. Nilsson and C. N. Pope, Nucl. Phys. B233 (1984) 433.

[58] B. de Wit and H. Nicolai, Nucl. Phys. B208 (1982) 323. [59] M. B. Green and J. Schwarz, Phys. Lett. B149 (1984) 117. [60] D. J. Gross, J. A. Harvey, E. Martinec and R. Rohm, Phys. Rev. Lett.

54 (1985) 502.

[61] P. Candelas, G. T. Horowitz, A. Strominger and E. Witten, Nucl. Phys.

B 258 (1985) 46.

[62] M. J. Duff, B. E. W. Nilsson and C. N. Pope, Phys. Lett. 163B (1985) 343.

[63] M. J. Duff, B. E. W. Nilsson, C. N. Pope and N. P. Warner, Phys. Lett.

171B (1986) 170.

[64] M. J. Duff, B. E. W. Nilsson and C. N. Pope, Phys. Rep. 130 (1986) 1. [65] M. J. Duff, ”Not the Standard Superstring Review” in Superworld II, (Ed. Zichichi, Plenum Press 1991).

[66] S. W. Hawking, Monthly Notices Roy. Astron. Soc. 152 (1971) 75. [67] Abdus Salam in Quantum Gravity: an Oxford Symposium (Eds. Isham, Penrose and Sciama, O.U.P. 1975).

[68] G. ’t Hooft, Nucl. Phys. B335 (1990) 138.

[69] J. Ellis, N. E. Mavromatos and D. V. Nanopoulos, Phys. Lett. B278 (1992) 246.

[70] L. Susskind, RU-93-44, hep-th/9309145.

[71] J. G. Russo and L. Susskind, UTTG-9-94,hep-th/9405117. [72] G. W. Gibbons, in Supersymmetry, Supergravity and Related Topics, eds. F. del Aguila, J. A. Azcarraga and L. E. Ibanez (World Scientific, 1985).

[73] P. Aichelburg and F. Embacher, Phys. Rev. D37 (1986) 3006. [74] M. J. Duff, Class. Quantum Grav. 5 (1988) 189.

[75] A. Strominger, Nucl. Phys. B343 (1990) 167. [76] M. J. Duff and J.X. Lu, Nucl. Phys. B354 (1991) 141. [77] R. R. Khuri, Phys. Lett. B259 (1991) 261; Nucl. Phys. B387 (1992) 315.

[78] J. P. Gauntlett, J. A. Harvey and J. T. Liu, Nucl. Phys. B409 (1993) 363.

[79] G. W. Gibbons and M. J. Perry, Nucl. Phys. B248 (1984) 629. [80] D. Garfinkle, G. Horowitz and A. Strominger, Phys. Rev. D43 (1991) 3140.

[81] S. B. Giddings, J. Polchinski and A. Strominger, NSF-ITP-93-62. [82] G. T. Horowitz and A. A. Tseytlin, hep-th/9409067. [83] G. W. Gibbons and D. L. Wiltshire, Ann. of Phys. 167 (1986) 201. [84] A. Sen, Phys. Rev. Lett. 69 (1992) 1006.

[85] G. C. Debney, R. P. Kerr and A. Schild, J. Math. Phys. 10 (1969) 1842. [86] R. Geroch, J. Math. Phys. 13 (1972) 394.