Physics 139 Relativity Relativity Notes 2003

G. F. SMOOT Office 398 Le Conte Department of Physics, University of California, Berkeley, USA 94720 Notes to be found at:

http://aether.lbl.gov/www/classes/p139/homework/homework.html

1 General Relativity Principles

First we review Newtonian Gravitation to remind ourselves of what General Relativity must reduce to in the classical limit.

1.1 Newtonian Gravitation

We know very well Newton’s three laws of motion and his law of Universal Gravitation. The most famous formula for the first is

⃗F = m_i⃗a F_j = m_ia_j = m_i d^2x^j dt^2 F̃ = m_0ã F^α = m_0a^α = m_0 d^2x^α dt^2 (1) where m_i means inertial mass and m_0 means inertial rest mass.

Newton’s Universal law of Gravitation is often expressed as

F_G = − GM_Gm_G r^2 or ⃗F_G = −m_G∇Φ F^j_G = ∂Φ ∂x_j Where Φ = GM_G/r for a point mass or Φ = ∫ ∫ ∫ ρ_G/r dxdydz for a distributed density and the subscript G means the source charge of gravity. That is, m_G is the coupling for producing or being acted on (assuming action equals reaction) by gravitational forces.

1.1.1 Weak Equivalence Prinicple

The weak equivalence principle holds that the gravitational mass and inertial mass are exactly the same: m_i = m_G. This is well established by experiment to roughtly the 10^{−14} level. We take it as correct here. Then we automatically get an equivalence of acceleration and gravity at a point as far as kinematics are concerned.

Continuing with our discussion of Newtonian gravity assuming the validity of the Weak Equivalence Principle we have for the equations of motion:

d^2x^i dt^2 = −δ^{ij} ∂Φ ∂x^j (3)

This gives us a simple equation of motion based upon the first partial derivatives of the gravitational potential.

1.2 Tidal Forces Equations

Now it is both intuitive and well known that conventional gravitational fields, e.g. those from the Earth, moon, Sun etc. produce tidal forces. E.g. every thing dropped from rest (or near rest) near the Earth experience an acceleration directed toward the center of the Earth. Over small distances the directions are nearly parallel so everything in free fall (no other forces acting) appears to accelerate down at the same rate and direction. When viewed more globally, it is clear that the accelerations vary with the angle one is separated by around the circumference of the Earth.

We can write and equation for this for the general case by considering two particles one at location x^k and one at location x^k + Δx^k. The potential will be slightly different but we can expand Φ

Φ(x^k + Δx^k) = Φ(x^k) + ∂Φ ∂x^k Δx^k + ... around the original point with position vector component x^k.

The equation of motion for the second particle is similar

d^2x^i + Δx^i dt^2 = −δ^{ij} ∂Φ(x^k + Δx^k) ∂x^j = −δ^{ij} ( ∂Φ ∂x^j + ∂^2Φ ∂x^j∂x^k )

Taking the difference between the original and displace by Δx^k test particles equations of motion, we have

d^2Δx^i dt^2 = −δ^{ij} ∂^2Φ ∂x^j∂x^k (4) Thus things that are separated by Δ⃗x accelerate together at a rate that is proportional to their separation and to the mixed second partial derivatives of the gravitational potential.

Consider one of Newton’s spherical masses for an example.

Φ = − GM r d^2x^i dt^2 = − ∂Φ ∂x^i = GM r^2 n̂_i d^2Δx^i dt^2 = −δ^{ij} ∂^2Φ ∂x^j∂x^k = − (δ_{ij} − 3n_in_j) GM r^3 (5) 1.3 Geodesic Equation

d^2x^α dτ^2 = −Γ^α_{μν} dx^μ dτ dx^ν dτ = − 1 2 g^{ασ} [g_{μσ,ν} + g_{νσ,μ} − g_{μν,σ}] dx^μ dτ dx^ν dτ (6)

Table 1: Gravitational Field Strengths for Astrophysical Objects

At Surface of Object ϕ/c^2 proton ∼ 10^{−39} Earth ∼ 10^{−9} Sun ∼ 10^{−6} White Dwarf ∼ 10^{−4}

Consider the case of very 3-D low velocity, near the instanteous rest frame where Ũ = γ(1, β_x, β_y, β_z)c ≃ (v0, 0, 0, 0) ≈ (1, 0, 0, 0)c du^α dτ = −Γ^α_{μν} u^μu^ν ≃ −Γ^α_{00}(v^0)^2 (7)

The first part of the equation shows that the geodesic equation is equivalent to the parallel transport of the 4-D velocity vector ũ.

1.4 Geometric Interpretation

Now we have come to understand inertia in curved space-time

Now we continue the Newtonian approximation by considering a static gravitational field in static coordinate system.

Γ^α_{μν} = 1 2 g^{αν}(g_{ν0,0} + g_{0ν,0} − g_{00,ν}) = 1 2 g^{αν} g_{00,ν} ≃ − 1 2 g_{00,ν} (8)

The standard Newtonian equation of motion for a potential is

a^m = d^2x^m dt^2 = dv^m dt = − ∂ϕ ∂x^m (9) A consistent solution is g_{00,m} = 2 ∂ϕ ∂x^m = (2ϕ)_{,m} (10)

g_{00} = 1 + 2ϕ/c^2 (11) Note that for a point source or spherically distributed mass, M, within radius R<r ϕ(r) = −GM/r g_{00} = 1 − 2GM c^2r

(12)

1.5 Weak Field Gravity

We are now in a position to understand gravity in the weak field limit through the Equivalence Principle and the idea that gravity is replaced by curved space-time. We can derive the weak field approximation determine its paramaterization from the Newtonian limit. We make use of the observation that Newton’s law of gravity holds for situations in which the non-relativistic approximation is justified and thus valid. These are situations in which the space-time region is sufficiently small that it can be approximated by a coordinate system that is nearly flat.

We write the weak field approximation as

g_{μν} (x̃) = η_{μν} + h_{μν} (13)

where η_{μν} is the Minkowski metric (or later in the course this will be expanded to the Robertson-Walker metric which reduces to the Minkowski metric in the small space-time limit) and h_{μν} << 1 is a small perturbation to the metric.

Using the formula for determining the Christoffel symbol from metric tensor one has Γ_{λμν} = 1 2 (g_{λν,μ} + g_{λμ,ν} − g_{μν,λ}) ≃ 1 2 (h_{λν,μ} + h_{λμ,ν} − h_{μν,λ}) (14) g^{μν} ≃ η^{μν} − h^{μν} + h^ν_αh^{αν} + . . . (15) and thus Γ^α_{μν} = η^{αλ}Γ_{λμν} + Order(h^2) (16) The curvature tensor is R^α_{βγδ} = Γ^α_{βδ,γ} − Γ^α_{βγ,δ} + Order(h^2) (17) The Ricci tensor is R_{μν} ≃ Γ^α_{μν,α} − Γ^α_{να,μ} + Order(h^2) = 1 2 (−h_{μν,00} + ...) (18) The Ricci scalar curvature is R = h_{μμ,00} + h_{ij,ji} + Order(h^2) (19) A slowly moving particle has dx^μ dτ ∼ (1, 0, 0, 0) (20)

so that the geodesic equation is

d^2x^i(τ ) dτ^2 = −Γ^i_{00} (21)

In a stationary (no time dependence) system the time derivatives are zero and therefore − Γ_{i00} = 1 2 h_{00,i} (22)

so that −^1_2h_{00} can be the gravitational potential.

Energy momentum conservation requires that the covariant derivative of the stress-energy tensor be zero:

D_μT_{μν} = 0. (23)

−Γ^i_{00} = − ∂V (x) ∂x^i = 1 2 ∂h_{00} ∂x^i − ∂Γ^i_{00} ∂x^i = 4πG_N T_{00} ∂^2h_{00} ∂(ct)^2 = 8πG_N T_{00} (24)

Now this must be expressed in a way that is invariant under general coordinat transformations in order to deterimine the appropriate theory of gravity. Instead of using only one component of the stress-energy tensor T_{μν} and certain partial derivatives of he connection fields Γ, we need a relation between covariant tensors. We reason from R_{00} = − 1 2 ∂^2h_{00} ∂(ct)^2 ; (25) R = ∂^2h_{ij} ∂x^i∂x^j + ⃗∂^2(h_{00} − h_{ii}). (26)

These equations give us a lead on the relationship between the tensors T_{μν} and R_{μν} . The most general tensor relation of this thype would be

R_{μν} = AT_{μν} + Bg_{μν} T^α_α (27)

where A and B are constants that have to be determined by comparing to the Newtonian limit. The trace of the energy-momentum (stress-energy) tensor is, in the non-relativisitic approximation

T^α_α = −T_{00} + T_{ii}. (28)

so that the 00 component can be written as

R_{00} = − 1 2 ⃗∂^2h_{00} = (A + B)T_{00} − BT_{ii} (29)

In the newtonian limit the T_{ii} term (the pressure p) vanishes, not only because the pressure of the ordinary (non-relativistic) matter is very small but also because it averages out to zero as a source. In the stationary case

0 = ∂_μT_{μi} = ∂_jT_{ji} (30) d dx^1 ∫ T_{11}dx^2dx^3 = − ∫ dx^2dx^3(∂_2T_{21} + ∂_3T_{31}) = 0, (31)

and therefore, if our source is surrounded by a vacuum ∫ T_{11}dx^2dx^3 = 0 → ∫ d^3⃗x T_{11} = 0, (32)

and similarly ∫ d^3⃗x T_{22} = ∫ d^3⃗x T_{33} = 0. (33)

This in turn implies A + B = −4πG_N . (34) There is an additional piece of information in that the trace of R_{μν} is R = (A + 4B)T^α_α . Just at the general form of the second rank tensor for the stress energy included a trace component we msut make use of the Einstein curvature tensor G_{μν} = R_{μν} −^1_2Rg_{μν} to get G_{μν} = AT_{μν} − (1 2 A + B ) T^α_α g_{μν} (35)

Then

D_μG_{μν} = 0; D_μT_{μν} = 0; therefore ( 1 2 A + B ) ∂_νT^α_α = 0. (36)

For this to hold in general B = − 1 2 A; A = −8πG_N , (37)

The only tensor equation consistent with Newton’s equation in a locally flat coordinate frame is R_{μν} − 1 2 Rg_{μν} = −8πG_N T_{μν} (38) This is Einstein’s General Theory of Relatitivity = gravitation.

Since both the left and right sides of the equation are symmetric under interchange of indices means that there are 10 equations. However, the conservation laws D_μG_{μν} = 0; D_μT_{μν} = 0 (39) give four equations that are automatically satisfied. This means that there are actually 6 non-trivial second-order non-linear partial differential equations. Ultimately one must determine the metric tensor g_{μν} which has 10 independent components.

8πG_N T^μ_μ = R; R_{μν} = −8πG_N ( T_{μν} − 1 2 T^α_α g_{μν} ) . (40) therefore in regions of space-time where no matter is present one has

R_{μν} = 0 (41)

but the complete Riemann tensor R^α_{βγδ} will not necessarily vanish.

The Weyl tensor is defined by subtracting from R_{αβδγ} in such a way that contraction on any pair of indices gives zero. C_{αβδγ} = R_{αβδγ} + 1 2 [ g_{αγ}R_{δβ} − 1 3 Rg_{αδ}g_{βγ} − terms with γ and δ exchanged ] (42)

This construction is such that C_{αβδγ} has the same symmetry properties and

C^μ_{βμγ} = 0. (43)

If one counts the number of independent components at a given point x̃ that R_{αβδγ} has 20 degrees of freedom and R_{μν} and C_{αβδγ} each have 10.

Though these eqations have been derived in a way that provided a unique match to Newtonian limit, if we allow a small deviation from Newton’s laws, then another term is allowed. We have another conservation law (zero covariant derivative) for the metric tensor D_μg_{μν} = 0, (44) Thus it is possible to modify General Relativity equation for gravity to R_{μν} − 1 2 Rg_{μν} + Λg_{μν} = −8πG_N T_{μν} (45)

where Λ is the cosmological constant. This new term represents a renormalization δT_{μν} ∝ g_{μν} (46)

1.6 Isometries

Tensor calculus is largely concerned with how quantities change under coordinate transformations. It is of particular interest when a quantity does not change, i.e. remains invariant, under coordinate transformations. For example, coordinate which leave a metric invariant are of importance since they contain information about the symmetries of the underlying Riemannian manifold. Just as in an ordinary Euclidean space, there are two sorts of transformations: discrete ones, like reflections, and continuous ones, like translations and rotations. In most applications, these latter types are the more important ones and they can in principle be obtained systematically by obtaining the so-called Killing vectors of the metric.

A metric g_{ab} is from-invariant or simply invariant under the transformation x^a → (x^′)^a, if g^′_{ab}(⃗y) = g_{ab}(⃗y) for all coordinatesy^c, (47) that is, the transformed metric g^′_{asb}(⃗x^′) is the same function of its argument ⃗x^′ as the original metric g_{ab}(⃗x) is of its argument ⃗x. Then a transformation leaving g_{ab} form-invariant is called an isometry. Since g_{ab} is a covariant tensor, it transforms according to the equation above, or equivalently (interchanging primes and unprimes) g_{ab}(x) = ∂x^{′c} ∂x^a ∂x^{′d} ∂x^b g^′_{cd}(x^′). (48)

Then, using the equation from above, x^a → x^{′a} will be an isometry, if g_{ab}(x) = ∂x^{′c} ∂x^a ∂x^{′d} ∂x^b g_{cd}(x^′). (49)

Consider all quantities appearing in this equation to be functions of x using x^{′a} = x^{′a}(x). In general, this condition is very complicated, but it may be greatly simplified, if we consider the special case of an infinitesimal coordinate transformation

x^a → x^{′a} = x^a + ϵX^a(x) (50)

where ϵ is small and arbitrary and X^a is a vector field. Differentiating gives ∂x^{′a} ∂x^b = δ^a_b + ϵ∂_bX^a (51)

Now substituting into the transformation equation and applying Taylor’s theorem

g_{ab}(x) = (δ^c_a + ϵ∂_aX^c)(δ^d_b + ϵ∂_bX^d)g_{cd}(x^e + ϵX^e) = (δ^c_a + ϵ∂_aX^c)(δ^d_b + ϵ∂_bX^d)[g_{cd}(x) + ϵX^e∂_eg_{cd}(x) + ...] = g_{ab}(x) + ϵ[g_{ad}∂_dX^d + g_{bd}∂_aX^d + X^e∂_eg_{ab}] + O(ϵ^2). (52)

Working to first order in ϵ and subtracting g_{ab}(x) from each side, it follows that the quantity in the square brackets must vanish. This quantity is simply the Lie derivative of g_{ab} with respect to X, namely,

L_Xg_{ab} = X^c∂_eg_{ab} + g_{ad}∂_bX^d + g_{bd}∂_aX^d (53)

Now we can replace ordinary derivative and so, the condition for an infinitesimal isometry becomes L_X g_{ab} = X^c∇_eX_a + ∇_aX_b = 0. (54)

These equations are called Killing’s equations and any solution of them is called a Killing vector field X^a. The metric is dragged into itself’ by the vector field X^a.

Theorem: An infinitesimal isometry is generated by a Killing vector X^a(x) satisfying L_X g_{ab} = 0.

It is sufficient to restrict attention to infinitesimal transformations because it is possible to build up any finite transformation with non-zero jacobian (i.e. a continuous transformation) by an integration process involving an infinite sequence of infinitesimal transformations.

2 The Schwarzschild Solution from Symmetry

2.1 Stationary Solutions

A metric will be stationary, if there exists a special coordinate system in which the metric is visibly time-independent, i.e. g_{ab} ∂x^0 ≡= 0, (55)

where x^0 is a timelike coordinate. In an arbitrary coordinate system the metric will probably depend explicitly on all the coordinates; so we need to make the statement coordinate independent. Define a vector field

X^a ≡ δ^a_0 (56)

in the special coordinate system, then, L_X g_{ab} = X^cg_{ab,c} + g_{ac}X^c_{,b} + g_{bc}X^c_{,a} ≡ δ^c_0g_{ab,c} = g_{ab,0} = 0 (57) L_X g_{ab} is a tensor, or if it vanishes in one coordinate system, it vanishes in all coordinate systems. Hence, X^a is a Killing vector field. Conversely, a given timelike Killing vector field X^a, then there always exists a coordinate system which is adapted to the Killing vector field,, that in which the last equation holds, and then 0 = L_Xg_{ab} ≡ g_{ab,0}, (58)

and so the metric is stationary. This is a coordinate-independent definition.

A space-time is said to be stationary, if and only if, it admits a time like Killing vector field.

2.2 Hypersurface-orthogonal vector fields

To discuss static solutions in a coordinate-independent way, we need to introduce the concept of a hypersurface-orthogonal vector field. The equation of a family of hypersurfaces is given by f(x^a) = μ (59)

where different members of the family correspond to different values of μ. Consider two neighboring points with coordinates x^a and (x^a + dx^a), respectively, lying in one of the hypersurfaces, S.

μ = f(x^a + dx^a) = f(x^a) + ∂f ∂x^a dx^a (60)

to first order. Thus 0 = ∂f ∂x^a dx^a (61)

evaluated at x^a. Define the covariant vector field n_a to the family of hypersurfaces by n_a ≡ ∂f ∂x^a dx^a (62)

then becomes n_adx^a = g_{ab}n^adx^b = 0

which tells us that n^a is orthogonal to the infinitesimal contravariant vector field dx^a. Since dx^a lies in S by construction, it follows that n^a is orthogonal to S and is therefore known as the normal vector field to S at x^a. Any other vector field X^a is said to be hypersurface-orthogonal, if it is everywhere orthogonal to the family of hypersurfaces, in which case it must be proportional to n^a everywhere, i.e. X^a = λ(x)n^a for some proportionality factor λ, which in general will vary from point to point.

3 Gravitational Lensing

The gravitational attraction of mass (stress-energy) deflects light. Because of this there can be multiple pathways for light to come from its source to an observer. It is possible for an intervening mass to produce multiple images of a distant source. When a mass concentration produces multiple images that is called strong gravitational lensing. When a mass (energy) concentration produces an image of a source that is distorted (magnified and sheared) that is generally called weak gravitational lensing. Gravitational lensing image can give information about the source, about the object acting as lens, and about the intervening large-scale geometry of the universe when source, lens, and observer are at cosmological distances from one another.

Realistic gravitational lenses may be clusters of distant galaxies withot any special symmetries. Light may propagate through them as well as around them. However, we first consider simple lensing by an concentrated spherical mass to illustrate the main features of lensing.

3.1 Lens Geometry and Image Position

The deflection angle α for a light ray passing by a mass M at an impact parameter b >> R_s = 2GM/c^2 is α = 4GM c^2b = 2R_s b . (63)

Proof of this is shown in lecture and is a homework problem.

For example and illustration, consider lensing by a stellar object, a galaxy, or a galactic cluster.

Object: Planet Star Galaxy Cluster Mass 0.01M_⊙ M_⊙ 10^{11}M_⊙ 10^{13}M_⊙ R_s 0.03 km 2.95 km 0.03 lyr (10^{11} km) 3.12 lyr Distance 10 kpc 10^9 lyr 7.2 × 10^{13} 3 × 10^4 lyr ∼ 10^{17} km 3 × 10^{22} km θ_E ∼ 10^{−3′′} 2.6 × 10^{−6} 0.5^{′′} 5^{′′}

Table 2: Sample Parameters for Astrophysical Lenses

The following diagram explains the various quantities used in the the lensing formulae.

α α

((((((((

       (((((((

             ((((((

D_S

œ -

D_L D_{LS} -

œ œθ - ‘‘‘‘‘‘‘ ‘‘‘‘‘‘‘ ‘‘‘‘‘‘ ((((((((

(((((((( (( Apparent Source

                          ‘‘‘‘‘‘

                     ‘‘‘‘‘‘

                ‘‘‘‘‘‘

          ‘‘‘‘‘‘

     ‘‘‘‘‘‘

‘‘‘‘‘‘ffifl

fflfi Lens

fflffi fifl

Source

~ u_{Observer}

This figure shows the basic geometry of an astrophysical gravitational lens in the thin lens approximation. The Source is located a distance D_S from the observer and distance D_{LS} from the lens. Thus the distance from the lens to the source is

D_L. The heavy line from source to observer shows the approximate path of light bundle. The light bundle is bent through an angle α shown schematically (thin lens approximation) as a sharp bend at the distance of the lens. The apparent location extrapolating the incoming light bundle backwards appears at angle θ relative to line of sight to the lens. Not shown (I could not seem to draw it) is a straight line between the source and observer which is at an angle β to the line of sight to the lens.

The actual characteristic distance over which the bulk of the light bending occurs is of order of the Schwarzschild radius R_S which is typically much less than the other distances. Thus the then lens approximation will be fairly accurate. It is an excellent approximation that the light rays propagate as straight lines in flat space when far from the lens, and all the deflection occurs at the lens.

In realistic simulations, all the angles involved are very small, so that one can find transverse distances as angles times longitudional distance:

b ≃ D_LΘ ≃ D_Lβ + D_{LS} (α + β − θ) θD_S = βD_S + αD_{LS} (64)

This can be rewritten as

θ = β + θ^2_E θ θ^2_E ≡ 2R_S ( D_{LS} D_S D_L ) (65)

θ_E is called the Einstein angle.

The solutions to these equations gives the angular locations of two images

θ_± = 1 2 ( β ± ( β^2 + 4Θ^2_E )1/2) . (66)

The arrangement of these two images as produced by a spherical mass is shown in the accompanying figure. There are two images on opposite sides of the position of the lens. One is at a position greater than the Einstein angle and one closer than the Einstein angle. If the source and lens are directly aligned with the observer (β = 0), then the images make a complete ring at the Einstein angle. In the limit of a small but finite-sized spherical lens, there is a third image behind the lens in addition to the two solutions.

The image locations are independent of the frequency of the light by the Equivalence Principle.

By measuring the angles θ_± between the position of the lens and the position of the images, the Einstein angle θ_E can be determined. If the distance to the lens is estimated, then the mas of the lens is determined.

Many sources have finite size and a defined shape. Because gravitational lensing is not true lensing but the power of the bending declines with impact parameter, the images not only are magnified but also sheared. The symmetry about the observer-lens axis implies that the light ray’s value of azimuth, ϕ about that axis is unchanged by the deflection of the lens. the azimuthal angular width of the image Δϕ is thus preserved. The polar width Δθ is changed by an amount that can be determined by differentiating the formula for θ_± to find

Δθ_± = 1 2 ( 1 ± β (β^2 + 4θ^2_E)^{1/2} ) Δβ (67)

Thus the images of something like a galaxy will be elongated and distorted. The change in total brightness is called the magnification and is directly related to how much the image area as surface brightness is conserved. I_± I_∗ = ΔΩ_± ΔΩ_∗ = | | | | θ_±Δθ_±Δϕ βΔβΔϕ | | | | = | | | | | ( θ_± β ) ( dθ_± dβ )| | | | = 1 4 ( β (β^2 + 4θ^2_E)^{1/2} + (β^2 + 4θ^2_E)^{1/2} β ± 2 )

I_{total} I_∗ = I_+ + I_− I_∗ = 1 2 ( β (β^2 + 4θ^2_E)^{1/2} + (β^2 + 4θ^2_E)^{1/2} β ) (68)

The total intensity is always greater than unity. The gravitational lens always enhances total brightness for small angles to the lens. If the source is close to the observer-lens axis so that β is fairly small, this enhancement can be large. There are microlensing events that show a factor of ten increasse of star light. There are cases of distant galaxies being enhanced by significant amounts.

4 General Potential Distribution

All matter and energy, including dark matter, in the universe causes at least weak distortions in background images. The primary interest in astrophysical situations is weak gravitational lensing by clusters of galaxies. These are actually large gravitational potential wells that contain matter - roughly 10% baryons which are mostly in intracluster gas and plasma and some smaller part in galaxies - and some form of “Dark Matter” which clusters (clumps) to form the potential well. Individual sources behind a cluster of galaxies have their images distorted and magnified by the cluster gravitational lensing. Strong lensing produces “giant arcs”, where background galaxies are magnified, stretched and curved. Weak lensing produces “arclets”, in which galaxies are sheared by only a few percent. Although strong lensing provides information about the cluster core, it fails to disclose much about the mass distribution throughout the entire cluster. Fortunately, arclets can be found far from the core, sheared by the local gravitational potential; thus weak gravitational lensing can be used to determine the projected two-dimensional mass of the lens at large radii, thereby revealing dark matter concentrations contained in the cluster.

Gravitational lensing can be explained by Einstein’s general theory of relativity. Galaxies, which are very massive objects, act on spacetime causing all four dimensions to become curved. This curved spacetime then influences particles in its vicinity, affecting their motion. Photons, for example, travel the path of least time. What appears to be the shortest path in flat spacetime is not the shortest path in curved spacetime. For this reason, photons passing a massive object take paths counterintuitive to Newton’s classical law of gravity.

[width=.8clip=]curve.ps

Figure 1: Two-dimensional analogy for the curvature of spacetime.

The desire for photons to take the shortest path has significant consequences. As photons pass a massive object, they follow a curved path. This angular deflection gives an observer (along the line of sight) the impression that the light came from a different location (along a straight path) rather than its actual, original position. This is similar to the refraction of light rays passing through a prism. The result is that objects become distorted, and appear to be where they are not.

Some of the photons emitted by radiating bodies would not normally intersect an observer if they traveled along a straight path; however, because of a strong gravitational field, these photons can be “captured”, curved around the lensing object and redirected to an observer. This enables more photons to be gathered and transported to a single location. The result are magnified objects with conserved surface brightness^1.

The next two subsections cover the theory of gravitational lensing, as well as a more simplified mathematical application for weak lensing.

Lensing by a Spherically Symmetric Mass Distribution^2

The index of refraction^3 caused by curved spacetime is given by:

n = 1 − 2Φ c^2

(69)

where Φ is the Newtonian gravitational potential of the lensing mass distribution, and c is the speed of light. It is assumed that Φ << c^2, and v << c (the velocity of the lensing mass perpendicular to the line of sight). The index of refraction, n, applies in any weak gravitational field.regardless of the configuration of the mass.

By applying Fermat’s principle to (1), Euler’s equation, and the assumption that individual lenses are thin, it can be shown that the deflection angle of a light ray passing through any gravitational field is given by: −→ α̂ = − ∫ −→ ▽_⊥n dl = 2 c^2 ∫ −→ ▽_⊥Φ dl (70)

1Measure of brightness per unit area: mags/arcsec^2. 2(Narayan and Bartelmann 1997), (Bartelmann 2002) 3The ratio between the speed of light in a vacuum and the speed of light in that medium.

where dl is the infinitesimal coordinate along the light ray’s path. The deflection angle is a two-component vector. It is assumed in gravitational lensing that the lenses are weak, and thus the angle of deflection is quite small. We can therefore use the Born approximation and integrate (2) along the line of sight of the incoming light ray, rather then the perturbed path.

For example, the Newtonian gravitational potential of a point mass is: Φ(r, l) = − GM (r^2 + l^2)^{1/2}

(71)

where G is the universal gravitational constant, and M is the point lens mass. the deflection angle for a circularly symmetric lens:

Narayan (1997) demonstrated that lensing by a singular isothermal sphere^4 is equivalent to lensing by the projected, circularly symmetric mass sheet. In reducing the general case of any lensing mass distribution to a circularly symmetric mass sheet lens, the deflection angle becomes:

α̂(r) = 4GM(r) c^2r

(72)

where M(r) is the mass enclosed within the radius r for a circularly symmetric lens (such as a point mass)^5.

There are three important distances when referring to the geometry of a gravitational lens: the distance between the observer and the lens, D_d, the distance between the lens and the source, D_{ds}, and the distance between the observer and the source, D_s (Figure 2 illustrates).

[width=.5clip=]fig204.ps

Figure 2: Geometry of a circularly symmetric gravitational lens system. D_dθ has been defined as ξ. Note that D_d, D_s, and D_{ds} are defined as angle × distance so that they are valid in curved spacetime; in general D_{ds} ≠ D_s − D_d. (Diagram from of Narayan and Bartelmann 1997)

A light ray departing from the source, S, travels a distance D_{ds}, and is deflected by an angle α̂. When the ray arrives at the observer, it appears to be coming from point I, at an inclination of θ; in fact, the original source is at an angle β to the observer. These angles are related by: D_s −→ β ( −→ θ ) = D_s −→ θ − D_{ds} −→ α̂ ( −→ θ ) (73)

4A spherically symmetric mass distribution composed of particles in thermal and hydrostatic equilibrium, obeying the ideal gas equation of state.

5For a non-circular symmetric lens see Narayan and Bartelmann (1997)

where −→ θ ≡ (θ_1, θ_2), the azimuthal and polar angles.

The angle between the source and the image from the location of the observer, known as the reduced deflection angle, is: −→α = Dds D_s −→ α̂ (74)

Substituting (6) into (5) and simplifying yields the lens equation: −→ β ( −→ θ ) = −→ θ − −→α ( −→ θ ) Now, defining a scalar potential such that it is the projected Newtonian potential of the lens, Φ, and has convenient derivation properties we have: ψ( −→ θ ) = 2D_{ds} c^2D_dD_s ∫ Φ(D_d −→ θ , l) dl (75) According to (2) and (6), the reduced deflection angle, −→α , is related to the

gradient of the lensing potential, −→ ▽_θψ, with respect to the angle between the lens and the image, −→ θ by: −→ ▽_θψ = 2D_{ds} c^2D_s ∫ −→ ▽_⊥Φ(D_d −→ θ , l) dl = −→α (76) It can then be shown that the Laplacian of the potential, ▽^2_θψ, which is proportional to the surface mass density of the lensing galaxy, is related to the convergence, κ, by (see Appendix A):

▽^2_θ ψ = 2 Σ( −→ θ ) Σ_{critical} ≡ 2κ( −→ θ ) (77)

where the convergence has been defined as ratio of the surface mass density, Σ( −→ θ ), to the critical density^6, Σ_{critical}. Thus, the second derivative of the potential, which is the first derivative of the deflection angle, gives us the spread of the incoming light rays in the both the θ_1 and θ_2 directions. The convergence, κ, causes the symmetric expansion (or contraction) in a transmitted image. It is defined as an isotropic focusing of light rays and is given by: κ ≡ 1 2 ( ∂^2ψ ∂θ^2_1 + ∂^2ψ ∂θ^2 )

The shear, which has two components, is a combination of the difference in the spread of the incoming light rays in the θ_1 and θ_2 directions, as well as the change

6The critical density is the density at which multiple images will be produced, that is when Σ ˘ Σcritical

in each direction with respect to the other direction. It is defined as the angular deformation:

γ_1( −→ θ ) ≡ 1 2 ( ∂^2ψ ∂θ^2_1 − ∂^2ψ ∂θ^2 ) (78)

γ_2( −→ θ ) ≡ ∂^2ψ ∂θ_1∂θ_2 = ∂^2ψ ∂θ_2∂θ_1 where the shear magnitude, γ = (γ^2_1 + γ^2_2)^{1/2}. The shear and convergence are responsible for the distortions seen in the transmitted images.

The Jacobian, which provides the lensing properties of the system, can be easily derived (see Appendix B), and is given by:

A ≡ ∂ −→ β ( −→ θ ) ∂ −→ θ = δ_{ij} − ∂^2ψ( −→ θ ) ∂θ_i∂θ_j (79)

= ( 1 − κ − γ_1 −γ_2 −γ_2 1 − κ + γ_1 )

Therefore, it is the second derivative of the lensing potential that provides the values for shear and convergence. Using the measured values for shear, the lensing potential, ψ, can be determined, and the mass of the lensing cluster can be reconstructed^7.

An important point in weak gravitational lensing is that galaxies project themselves in all sizes, ellipticities, and rotations. Due to this random nature, it is nearly impossible to determine the true orientation of a single, weakly sheared galaxy image. Because of this obstacle, an important assumption had to be made about the nature of galaxy formation: galaxies have no preferred direction when averaged over sufficient depth. This means that a sample of unlensed galaxies should have an average shear of zero; a weakly sheared field would have an average of a few percent. However, in order to account for statistical errors, a large number of galaxies must be measured and averaged in order to obtain an accurate determination of the local shear. Presently, the Hubble Deep and Medium-Deep Fields are two surveys with the potential for containing such large numbers of locally lensed galaxies. Other possible candidates are SUBARU, CTIO, NOAO, CFHT, and WHT^8.

7For more detail on the method of recovering the mass of a lensing cluster see Mellier & van Waerbeke (2001).

8(Mellier & van Waerbeke (2001))

[width=1bb= 0 170 600 450, clip=]images/hdf.ps

Figure 3: The Hubble Deep Field (Photo courtesy of NASA and STScI). Deep fields, such as the Hubble Deep Field, are needed to reduce statistical errors in measuring shear by providing large numbers of weakly lensed galaxies.

APPENDIXES

Appendix A

Derivation of the Relation between the Laplacian of the Lensing Potential and the Convergence Using the small angle approximation, the radius at closest approach is given by D_dθ. Using this, we can obtain the mass of the cluster enclosed by integrating the product of the mass sheet in the lens plane and the distance from the center of the lens: M(D_dθ) = 2π ∫ D_dθ 0 zΣ(z) dz = π(D_dθ)^2Σ(D_dθ) By using the reduced deflection angle: −→α = Dds D_s −→ α̂ and the deflection angle given in (4):

α̂(r) = 4GM(r) c^2r we obtain the relationship between the reduced deflection angle, surface mass density and distance from center: −→α (θ) = Dds D_s 4GM(D_dθ) c^2D_dθ = D_{ds} D_s 4Gπ(D_dθ)^2Σ(D_dθ) c^2D_dθ = 4πGΣ(D_dθ) c^2 D_dD_{ds}θ D_s The critical surface mass density has been defined as: Σ_{critical} = c^2 4πG D_s D_dD_{ds} (80)

The small angle approximation yields: D_dθ ≃ θ (81) The lensing potential given in (7) is: ψ( −→ θ ) = 2D_{ds} c^2D_dD_s ∫ Φ(D_d −→ θ , l) dl (82) Laplace’s equation states:

▽^2 ϕ = 4πGρ (83) And the integral of the density along a path, l, yields the surface mass density: ∫ ρ(−→v , l) dl = Σ(−→v ) (84) Using (12), (13), (14), (15), and (16), the Laplacian of the lensing potential can be represented as twice the ratio of the surface mass density and the critical surface mass density, which has been defined as twice the convergence:

▽^2_θψ = 2D_dD_{ds} c^2D_s ∫ ▽^2_⊥Φ(D_d −→ θ , l) dl = 2D_dD_{ds} c^2D_s 4πGΣ(D_d −→ θ ) = 2 Σ( −→ θ ) Σ_{critical} ≡ 2κ( −→ θ )

Appendix B

Derivation of the Jacobian Describing the Properties of the Lensing System

The angular separation between the lens and the image, as seen by the observer is characterized by two angles: −→ θ ≡ (θ_1, θ_2) (85)

From Figure 2 and Equation (5), the lens equation is given by: −→ β ( −→ θ ) = −→ θ − −→α ( −→ θ ) (86)

Substituting (17) into (18), the two components of β are:

β_1 = θ_1 − α_1( −→ θ ), β_2 = θ_2 − α_2( −→ θ ) (87)

The gradient of the lensing potential has been defined in (8) such that: −→ ▽_θψ = −→α (87)

Therefore, using (17), −→α can be written in its components: α_1 = ∂ψ/∂θ_1, α_2 = ∂ψ/∂θ_2 The Jacobian is defined as: A ≡ ∂ −→ β ( −→ θ ) ∂ −→ θ Substituting (17) and displaying in matrix form: = ( ∂β_1/∂θ_1 ∂β_1/∂θ_2 ∂β_2/∂θ_1 ∂β_2/∂θ_2 )

Substituting (19): = ( 1 − ∂α_1/∂θ_1 −∂α_1/∂θ_2 −∂α_2/∂θ_1 1 − ∂α_2/∂θ_2 )

And finally, substituting (18) into the previous equation yields: = ( 1 − ∂^2ψ/∂θ^2_1 −∂^2ψ/∂θ_1∂θ_2 −∂^2ψ/∂θ_1∂θ_2 1 − ∂^2ψ/∂θ^2 )

= δ_{ij} − ∂^2ψ( −→ θ ) ∂θ_i∂θ_j

Bartelmann, M. 2002, astro-ph/ 0207032 Carroll, Bradley W., Ostlie, Dale A. An Introduction to Modern Astrophysics. Addison-Wesley Publishing Company, Inc., 1996. Mellier, Y., van Waerbeke, L., 2001, astro-ph/ 011091 Mellier, Y., van Waerbeke, L., Bernardeau, F., Teremo, I., 2002, astro-ph/ 0206434 Narayan, R., Bartelmann, M. 1997, astro-ph/ 9606001 Refregier, A., 2001, astro-ph/ 0105178 Refregier, A., Bacon, D., 2001, astro-ph/ 0105179 Taylor, John R. An Introduction to Error Analysis. Sausalito, CA: University Science Books, 1997.